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ON GEOMETRY AND SYMMETRY OF KEPLER SYSTEMS. I.
JIAN ZHOU
Abstract. We study the Kepler metrics on Kepler manifolds from the point
of view of Sasakian geometry and Hessian geometry. This establishes a link
between the problem of classical gravity and the modern geometric methods
in the study of AdS/CFT correspondence in string theory.
1. Introduction
This is the first of a series of papers in which we make a revisit to the geometry
and symmetry of Kepler problem with the vantage point of view of quantum gravity,
supergravity, and string theory.
Time and again in history, geometry and symmetry have been used to study
problems in gravity, in particular, the two-body problem, aka the Kepler problem.
This tradition goes back to the ancient Greeks who regarded the circles and spheres
as the geometric objects with perfect symmetries and used them to build their
models of the universe. Geometric objects with discrete symmetries, such as the
five Platonic solids, were assigned by Plato to earth, air, water, fire, and a heavenly
fifth element. InMysterium Cosmographicum, published in 1596, Kepler proposed a
model of the solar system by relating the five extraterrestrial planets known at that
time to the five Platonic solids. This work attracted the attention of Tycho Brahe
who offered Kepler a job as an assistant and hence also access to his empirical data,
based on which Kepler formulated his second law in 1602, first law in 1605, and third
law in 1618. With the introduction of elliptic orbits, the Kepler system seemed to
lose the connection with the circular symmetry. In Newton’s Principia published in
1687, Euclidean geometry was used to establish the connection between the inverse
square law of the universal gravity and Kepler’s laws. With the advance of calculus,
the Kepler system became one of the first examples of integrable systems, i.e., those
solvable by quadrature, and geometry and symmetry seemed to lose its relevance
to the Kepler problem.
An interesting attempt in the nineteenth century to resurrect geometry and
symmetry in the study of the Kepler system in the nineteenth century is Hamilton’s
work [22] on hodograph published in 1846. He showed that the velocity vector of
the Kepler system moves on a circle. Only in the twentieth century, geometry
and symmetry gradually regained their positions in the study of gravity. First of
all, Einstein’s general relativity in 1915 is a geometric theory of gravity; secondly,
No¨ther’s theorem published in 1917 revealed the connection between symmetry and
conservation laws. Progresses were made first in the quantum Kepler system, e.g.,
the quantum mechanical system of the hydrogen atom, where hidden symmetry
was first discovered. In 1926, one year before Schro¨dinger equation was discovered,
Pauli [37] solved the problem of finding the spectrum of the hydrogen atom using an
o(4) = o(3)⊕o(3)-symmetry generated by the angular-momentum operators and the
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Laplace-Runge-Lenz operators. In 1935, Fock [17] gave a geometric interpretation
of the appearance of o(4) by working in the momentum space by a Fourier transform
followed by an embedding of R3 into S3 by stereographic projection. After thirty
years, in the 1960s, the o(4)-symmetry of the quantum Kepler system was extended
to the o(4, 1)- and o(4, 2)-symmetry, see e.g. Bander and Itzykson [5] and Gyo¨rgyi
[21] and the references therein. In Bander-Itzykson [5] the results were generalized
to quantum Kepler system in arbitrary dimension. Such studies of the symmetry
of quantum Kepler system also leads to the study of classical Kepler system, for
example in a 1965 paper in which Bacry [3] tried to construct the o(4, 1)-symmetry
of the quantum Kepler system he started with the classical Kepler system. In
another direction, attentions were shifted from infinitesimal symmetry described by
Lie algebras to global symmetry described by Lie group action. In the 1966 paper
Bacry-Ruegg-Souriau [4], the global study of the hidden symmetry of the Kepler
system was initiated. Quantum aspects of the Kepler problem was discussed in a
book by Englefield [16] published in 1972.
Since the 1970s modern differential geometry was applied to Kepler problem.
First Riemannian geometry was applied by Moser [35] to give a classical mechanics
version of Fock’s result. He applied the idea of regularization of many-body system
developed by e.g. Levi-Civita [29], Sundman [46], Siegel [39], Kustaanheimo-Stiefel
[27] to relate the solutions of negative energy of the Kepler system to geodesic flow
on the 3-sphere, and to identify the phase space of orbits of negative energy of the
Kepler system to K = T+S3 = T ∗S3 − S3. Moser’s results were generalized to the
case of nonnegative energy by Belbruno [6] and Osipov [36]. For an exposition, see
Milnor [34]. See also Ligon-Schaaf [30] and Heckman-de Laat [23].
The manifold K was called the Kepler manifold by Souriau who as a pioneer of
symplectic geometry contributed to the introduction or the development of many
important concepts, such as the moment map, the coadjoint action and the coad-
joint orbits, geometric quantization, and he gave a classification of the homogeneous
symplectic manifolds, known as the Kirillov-Kostant-Souriau theorem. Many of
these developments can be found in his book [42] first published in 1970. He ap-
plied these developments in symplectic geometry to the Kepler problem in two
papers, Souriau [40] and Souriau [41], where K was shown to be a coadjoint orbit
of SO(4, 2), and a complex structure of K was revealed: K is diffeomorphic to the
conifold in C4 with the conifold point removed. The work of Moser and Souriau
were nicely presented in a section in the 1977 book by Guillemin and Sternberg
[19]. In a remarkable book published in 1990 [20], these authors revisited the Ke-
pler problem by adding more insights. They established the connections of the
Kepler problem to other theories in mathematics and physics, such as Howe dual
pairs, orbit method of representations, Penrose’s twistor theory, etc. More precisely,
they showed that the Kepler manifold can be realized either as a coadjoint orbit of
the first factor or as a reduction with respect to the second one in the Howe pairs
(SO(2, 4), SL(2,R)) in Sp(4,R) and (U(2, 2), U(1)) in Sp(8,R), The orbit approach
leads to representation of the Poincare´ group, while Marsden-Weinstein symplectic
reduction in stages identifies K with the space of forward null geodesics on the
conformal completion of the Minkowski space, and hence it is natural to discuss
different models of the universe whose symmetries are subgroups of SO(2, 4) and
also Kostant’s model based on the group SO(4, 4). For later work in this direction,
see e.g. Keane-Barrett [25], Keane-Barrett-Simons [26] and Keane [24]. In 2004
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Cordani [11] published a comprehensive book on Kepler problem, which treated
both the classical and quantum aspects, together with perturbation theory. For
more recent work on Kepler problem see e.g. Cariglia [9].
In the 1960s there have appeared some generalizations of the Kepler problem
called the MICZ-Kepler problem [33, 47]. Meng discovered the generalizations to
higher dimensions and their connections to Euclidean Jordan algebra, symmetric
cones of tube type, and minimal representations. For a survey, see Meng [32]. Even
though we will not discuss them in this paper, it is interesting to generalize our
results in this direction.
From the above brief sketch of some aspects in the development of the Kepler
problem, it is clear that most of the researches in the literature focus on the classical
mechanics of the Kepler system or quantum mechanics of the quantum Kepler
system. The purpose of this series of papers is to study the geometry and symmetry
of the classical Kepler system by some techniques from general relativity, quantum
field theory, and string theory. Our motivation is to test some important ideas in
string theory in the classical setting of the Kepler system. They include: connection
with the theory of integrable hierarchy, Calabi-Yau spaces and mirror symmetry,
AdS/CFT correspondence.
Since its early days, string theory was proposed as a candidate theory for the
unification of gravity and the standard model of other fundamental forces. The
explosive development of string theory in the past thirty years or so has brought
forward a remarkable supply of new ideas and new techniques. Our modest goal of
this work is to apply a sample of ideas and techniques developed in string theory to
revisit the Kepler problem in the hope of while testing the modern developments to
a classical problem, new insights can be gained for both of them. As it turns out,
such consideration leads us to many connections of the Kepler system with many
different mathematical objects overlooked in the literature. In this paper, we will
make connections to Sasakian geometry and Hessian geometry. In later parts of
the series, we will relate to Lie sphere geometry and integrable systems.
Our point of departure from the geometry of the Kepler problem established
by Moser and Souriau in the 1970s is to shift attentions to the Ka¨hler metrics on
the Kepler manifolds. It was observed by Rawnsley [38] in 1977 that the complex
structure and the symplectic structure on the Kepler manifolds are compatible,
leading to Ka¨hler metrics on the Kepler manifolds. We will refer to such metrics
as Kepler metrics.
In this paper we will present two types of results for Kepler metrics: Relationship
with Sasakian geometry and relationship with Hessian geometry. First, we will show
that the Kepler metrics are Sasaki metric on the cotangent bundles of the round
spheres, and they are related to Sasakian metrics on the unit conormal bundle of
the round spheres. Secondly, we will focus on Kepler metrics on Kepler n-manifold
with n = 2 and 3. In these cases, we will use the symmetry of the metrics to
present explicit constructions of these metrics by Calabi Ansatz. This will lead us
a generalization of some work of Guillemin [18], Abreu [1], Donaldson [12] to the
noncompact case. With the introduction of symplectic coordinates we will establish
a connection of Kepler metrics for n = 2, 3 with Hessian geometry. We also present
a treatment of Ka¨hler Ricci-flat metrics on n-conifolds, resolved n-conifolds in the
same fashion. We will propose a connection between such metrics using some special
Ka¨hler Ricci flow.
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We arrange the rest of this paper as follows. In §2 we recall the Levi-Civita
regularization and the Moser regularization of hte Kepler problem, and introduce
the Kepler manifold Kn. In §3 we recall the complex structures on Kn introduced
by Souriau. Some detailed discussions in the cases of n = 2 and 3 are also presented.
In §4 we first recall the Kepler metrics and their Ka¨hler potentials, then we show
that they are Sasaki metrics on the conormal bundles of the round spheres, and
relate them to Sasaki metrics on the unit conormal bundles of the round spheres,
which we show are Sasakian. In §5 we recall some explicit constructions of Ka¨hler
Ricci-flat metrics on the n-conifolds and the deformed n-conifolds. Starting in §6
we will relate some explicit constructions of Ka¨hler metrics with symmetries with
Hessian geometry. In §6 we treat the case of U(n)-symmetric Ka¨hler metrics on
Cn − {0}. We specialize to the case of U(n)-symmetric Ka¨hler Ricci-flat metrics
in §7, and we further specialize to the case of Kepler metric on K2 and Eguchi-
Hanson spaces in §8. Kepler metric on K3, Ka¨hler Ricci-flat metrics on 3-conifold
and resolved 3-conifold are studied from the point of view of Ka¨hler metrics with
symmetries and Hessian geometry in §9 and §10 in various ways. Finally, in §11,
we summarize our results and propose some generalizations.
2. Regularizations of Kepler System and Kepler Manifolds
A first key step towards the global study of the geometry and symmetry of the
Kepler system is regularization. This was first introduced by Levi-Civita [29] more
than a hundred years ago in his research on restricted three-body problem. The
idea was used by Sundman [46] a few years later to solve the three-body problem
by power series. The idea of regularization was further developed by Siegel [39]
and Kustaanheimo-Stiefel [27], and it was used by Moser [35] to study the Kepler
problem in arbitrary dimensions.
In this Section we recall the Levi-Civita regularization of the two-dimensional
Kepler problem and the Moser regularization of n-dimensional Kepler problem. For
details, see e.g. Moser [35], Souriau [40], Guillemin-Sternberg [20] and Cordani [11],
and the references therein.
2.1. Levi-Civita regularization of two-dimensional Kepler system. Let us
recall the Levi-Civita regularization of the two-dimensional Kepler system:
d2x
dt2
= − x
(x2 + y2)3/2
,
d2y
dt2
= − y
(x2 + y2)3/2
.(1)
One first rewrites it as a Hamiltonian system:
dx
dt
= p = {H,x}, dy
dt
= q = {H, q},(2)
dp
dt
= − x
ρ3
= {H, p}, dq
dt
= − y
ρ3
= {H, q},(3)
where H = 12 (p
2 + q2)− 1ρ , ρ = (x2 + y2)1/2, and the Poisson bracket is defined by
(4) {f, g} := ∂f
∂p
∂g
∂x
− ∂f
∂x
∂g
∂p
+
∂f
∂q
∂g
∂y
− ∂f
∂y
∂g
∂q
.
In other words, the phase space of the two-dimensional Kepler problem is
(5) {(x, y, p, q) ∈ R4 | (x, y) 6= (0, 0)} = (R2 − {0})× R2,
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which is endowed with a symplectic form
(6) ω = dp ∧ dx + dq ∧ dy.
To remove the singularity of the system, one first introduces the fictitious time
τ such that
(7)
dτ
dt
=
1
ρ
,
and make the following change of variables:
x+ iy = (ξ + iη)2, p− iq = ω − iχ
2(ξ + iη)
,(8)
then the two-dimensional system becomes:
d
dτ
(ξ + iη) =
1
4
(ω + iχ),(9)
d
dτ
(ω + iχ) =
1
4
ω2 + χ2
ξ − iη −
2
ξ − iη .(10)
Next, note that
(11) H =
1
2
|p+ iq|2 − 1|x+ iy| =
1
4
|ω + iχ|2
|ξ + iη|2 −
1
|ξ + iη|2 .
Hence by conservation of energy, one can restrict to the energy surface H = E,
where one has
(12) |ω + iχ|2 = 8(1 + E|ξ + iη|2),
and so the equation of motion becomes:
d
dτ
(ξ + iη) =
1
4
(ω + iξ),(13)
d
dτ
(ω + iχ) = 2E · (ξ + iη).(14)
Now we restrict to the case of E < 0 and convert the above three equations into
the following form:
d
dτ˜
(ξ˜ + iη˜) = (ω˜ + iξ˜),(15)
d
dτ˜
(ω˜ + iχ˜) = 2E · (ξ˜ + iη˜),(16)
|ξ˜ + iη˜|2 + |ω˜ + iχ˜|2 = −E.(17)
by a further change of variable:
τ˜ =
√
−E
2
τ, ξ˜ + iη˜ = −E(ξ + iη), ω˜ + iχ˜ =
√
−E
8
(ω + iχ).(18)
2.2. The Moser regularization. Moser [35] extended the inverse map of the
stereographic projection Rn → Rn+1 defined by
(19) ~y = (y1, . . . , yn) 7→ (x0 = |~y|
2 − 1
|~y|2 + 1 ,
2y1
|~y|2 + 1 , . . . ,
2yn
|~y|2 + 1),
to a map T ∗Rn → T ∗Rn+1
(20) (~y, ~η) 7→ (~x, ~ξ),
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called the Moser map, where ~ξ = (ξ0, . . . , ξn) is defined by:
ξ0 = ~η · ~y, ξj = |~y|
2 + 1
2
· ηj − (~η · ~y) · yj , j = 1, . . . , n.(21)
One can check that
~x · ~x = 1, ~x · ~ξ = 0.(22)
Furthermore,
~ξ · d~x = ~η · d~y,(23)
ηj = (1− x0)ξj + ξ0xj ,(24)
|~ξ| = |~y|
2 + 1
2
· |~η|.(25)
The Moser map defines an inclusion of (Rn − {0})× Rn into the Kepler manifold:
(26) Kn := {(~x, ~ξ) ∈ Rn+1 × (Rn+1 − {0}) | ~x · ~x = 1, ~x · ~ξ = 0}.
This space is naturally identified with T+Sn := T ∗Sn − Sn.
One can check that Φ = 12 |~ξ|2|~x|2, restricted to T ∗Sn, generates the geodesic
flow on T ∗Sn. Using the Moser map and the introduction of the fictitious time τ ,
the energy surface Φ = 12 corresponds to H = − 12 . Using the Lie scaling
q 7→ λ2q, p 7→ λ−1p, t 7→ λ3t,(27)
the energy surface Φ = 12λ
2 corresponds to H = − 12λ2 .
3. Complex Structures on Kepler Manifolds
The reason that in last Section we single out the two-dimensional Kepler problem
and Levi-Civita regularization before presenting the more general Moser regular-
ization is because it naturally leads to a construction of a complex structure on K2.
Complex structures by a different construction on general Kn were discovered by
Souriau [40]. We will recall both of these constructions in this Section and show
that they give a hypercomplex structure on K2, in particular, it is doubly covered
by C2 − {0}. We also recall the complex structure on K3.
3.1. Complex structures on K2. Let us now point out some algebraic geometry
implicit in the process of Levi-Civita regularization. This leads us to the discussions
of complex structures on Kn in the next subsection.
The original phase space of the two-dimensional Kepler problem is (R2−{(0, 0)}×
R2, with coordinates (x, y, p, q). Using complex coordinates (x+ iy, p− iq) on this
space, one can identify it with C∗ × C. The Levi-Civita regularization suggests to
introduce z1, z2 such that:
x+ iy = z21 , p− iq =
z2
z1
.(28)
One can understand (z1, z2) as linear coordinates on C
2 and (x+ iy, p− iq) as local
coordinates on OP1(−2). Indeed, we have the following diagram:
(29) OP1(−1)

2:1
// OP1(−2)

C2 // C2/Z2
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Let (α1, β1), (α2, β2) be local coordinates on OP1(−1) such that
α2 =
1
α1
, β2 = α1β1,
and (α1, γ1), (α2, γ2) be local coordinates on OP1(−2) such that
α2 =
1
α1
, γ2 = α
2
1γ1,
then the upper horizontal map is given by:
γ1 = β
2
1 , γ2 = β
2
2 ,(30)
and the left vertical map is given by
z1 = β1 = α2β2, z2 = α1β1 = β2.(31)
One can then see that
α1 =
z2
z1
, γ1 = z
2
1 ,(32)
and so one can get
x+ iy = γ1, p− iq = α1,(33)
and with this identification one identifies C∗×C as a coordinate chart on the Kepler
manifold K2 = OP1(−2)− P1. For those points in K2 not in the image of inclusion
of C∗ × C, α2 = 0 and so α1 = ∞, and the regularization procedure enlarge the
original phase space by including some points with infinite momentum, and for the
solution space, add some orbits that correspond to collision solutions.
The Kepler manifold K2 is diffeomorphic to T
+S2 = T ∗S2−S2. The above dis-
cussion suggests us to regard S2 as P1, then one can identify K2 as the holomorphic
cotangent bundle of P1 minus the zero section, i.e. OP1(−2) − P1. Another way
to understand this space is to examine the vertical map on the right in (29). The
quotient space C2/Z2 can be understood as an affine variety in C
3, defined by the
equation
(34) uv − w2 = 0,
and the lower horizontal map in (29) is given by
(35) (z1, z2) 7→ (u = z21 , v = z22 , w = z1z2).
Define new coordinates (w1, w2, w3) on C
3 by:
u = w0 + iw1, v = w0 − iw1, w2 = iw,(36)
then one gets the equation of the two-dimensional conifold C2
(37) w20 + w
2
1 + w
2
2 = 0.
The vertical map on the right in (29) is defined by:
u = γ1 = α
2
2γ2, v = α1γ1 = α2γ2, w = α
2
1γ1 = γ2.(38)
Therefore, K2 can also be identified with C
∗
2 , the two-dimensional conifold with the
conifold point removed.
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3.2. Complex structures on Kn. The introduction of the complex structures on
K2 in last subsection relies on the identification of S
2 with P1 and makes use of the
complex structure on S2, and hence it cannot be generalized to Kn. Nevertheless,
the diffeomorphism from K2 to C
∗
2 := C2 − {0} suggests a diffeomorphism of Kn
with C∗n := Cn −{0} first discovered by Sourian [40], where Cn is the n-conifold in
Cn+1 defined by the equation:
(39) w20 + w
2
1 + · · ·+ w2n = 0.
For (w0, w1, . . . , wn) ∈ Cn − {0}, write wj = uj + ivj , uj , vj ∈ R, j = 0, 1, . . . , n.
Then we have
u20 + u
2
1 + · · ·+ u2n = v20 + v21 + · · ·+ v2n,
u0v0 + u1v1 + · · ·+ unvn = 0.
Since (w0, w1, . . . , wn) 6= 0, none of ~u = (u0, u1, . . . , un) and ~v = (v0, v1, . . . , vn) is
zero. A diffeomorphism ϕ : Cn − {0} → Kn can be defined as follows:
(40) ~w = (w0, w1, . . . , wn) 7→ (~p, ~q) = ( ~x|~x| , ~y),
with its inverse map given by:
(41) (~p, ~q) 7→ ~w = |~q| · ~p+ i~q.
3.3. Hypercomplex structure on K2. In the last two subsections we have con-
structed two different complex structures on K2. Let us write them down explicitly
in the local coordinates (x, y, p, q). For J1 defined in §3.1, it is clear that
J1
∂
∂x
=
∂
∂y
, J1
∂
∂y
= − ∂
∂x
, J1
∂
∂p
= − ∂
∂q
, J1
∂
∂q
=
∂
∂p
.
Using the diffeomorphism ϕ defined in §3.2, we get a complex structure J2 . We
first use the Moser map to get
ξ0 = px+ qy, ξ1 =
p2 + q2 + 1
2
x− (px+ qx)p, ξ2 = p
2 + q2 + 1
2
y − (px+ qy)q,
x0 =
p2 + q2 − 1
p2 + q2 + 1
, x1 =
2p
p2 + q2 + 1
, x2 =
2q
p2 + q2 + 1
.
and we have
(42) |ξ| = p
2 + q2 + 1
2
√
x2 + y2,
so we get
w0 =
√
x2 + y2
2
(p2 + q2 − 1) + i(px+ qy),
w1 =
√
x2 + y2p+ i
(
p2 + q2 + 1
2
x− (px+ qy)p
)
,
w2 =
√
x2 + y2q + i
(
p2 + q2 + 1
2
y − (px+ qy)q
)
.
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We will take the open subset of Cn − {0} on which w1, w2 can be used local coor-
dinates. Let wj = uj + ivj , uj, vj ∈ R, j = 0, 1, 2. Then we have
J2
∂
∂u1
=
∂
∂v1
, J2
∂
∂v1
= − ∂
∂u1
,
J2
∂
∂u2
=
∂
∂v2
, J2
∂
∂v2
= − ∂
∂u2
.
One can check that
J2
∂
∂x
=
px− qy
(x2 + y2)1/2
∂
∂x
+
yp+ xq
(x2 + y2)1/2
∂
∂y
− (p
2 + q2 + 1)
2(x2 + y2)1/2
∂
∂p
,
J2
∂
∂y
=
yp+ xq
(x2 + y2)1/2
∂
∂x
− px− qy
(x2 + y2)1/2
∂
∂y
− p
2 + q2 + 1
2(x2 + y2)1/2
∂
∂q
,
J2
∂
∂p
= 2(x2 + y2)1/2
∂
∂x
− px− qy
(x2 + y2)1/2
∂
∂p
− yp+ xq
(x2 + y2)1/2
∂
∂q
,
J2
∂
∂q
= 2(x2 + y2)1/2
∂
∂y
− yp+ xq
(x2 + y2)1/2
∂
∂p
+
px− qy
(x2 + y2)1/2
∂
∂q
,
One can define a third almost complex structure J3 by
(43) J3 = J1J2.
Indeed one can check that
J3
∂
∂x
=
px− qy
(x2 + y2)1/2
∂
∂y
− yp+ xq
(x2 + y2)1/2
∂
∂x
+
(p2 + q2 + 1)
2(x2 + y2)1/2
∂
∂q
= −J2 ∂
∂y
= −J2J1 ∂
∂x
,
J3
∂
∂y
=
yp+ xq
(x2 + y2)1/2
∂
∂y
+
px− qy
(x2 + y2)1/2
∂
∂x
− p
2 + q2 + 1
2(x2 + y2)1/2
∂
∂p
= J2
∂
∂x
= −J2J1 ∂
∂y
,
J3
∂
∂p
= 2(x2 + y2)1/2
∂
∂y
+
px− qy
(x2 + y2)1/2
∂
∂q
− yp+ xq
(x2 + y2)1/2
∂
∂p
= J2
∂
∂q
= −J2J1 ∂
∂p
,
J3
∂
∂q
= −2(x2 + y2)1/2 ∂
∂x
+
yp+ xq
(x2 + y2)1/2
∂
∂q
+
px− qy
(x2 + y2)1/2
∂
∂p
= −J2 ∂
∂p
= −J2J1 ∂
∂q
,
and from these identities it is easy to see that
J3 = −J2J1, J23 = −1.(44)
By the following Lemma, J1, J2, J3 make K2 a hypercomplex manifold.
Lemma 3.1. Suppose that J1 and J2 are two integrable almost complex structures
on a manifold M , and if J3 = J1J2 satisfies J3 = −J2J1 and J23 = −1, then J3 is
also integrable.
Proof. By Newlander-Nirenberg theorem, an almost complex structure J is inte-
grable iff its Nijenhuis tensor vanishes, i.e.,
(45) NJ(X,Y ) = [X,Y ] + J [JX, Y ] + J [X, JY ]− [JX, Jy] = 0
for any vector fields X,Y on M . By conditions we have
NJ1(X,Y ) = [X,Y ] + J1[J1X,Y ] + J1[X, J1Y ]− [J1X, J1Y ] = 0,
NJ2(X,Y ) = [X,Y ] + J2[J2X,Y ] + J2[X, J2Y ]− [J2X, J2Y ] = 0.
One can derive that
(46) NJ3(X,Y ) = NJ3(J1X, J2Y )
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by the following computations:
NJ3(X,Y ) = [X,Y ] + J3[J3X,Y ] + J3[X, J3Y ]− [J3X, J3Y ]
= [X,Y ] + J1J2[J1J2X,Y ] + J1J2[X, J1J2Y ]− [J1J2X, J1J2Y ]
= [X,Y ] + J1J2[J1J2X,Y ] + J1J2[X, J1J2Y ]
− ([J2X, J2Y ] + J1[J1J2X, J2Y ] + J1[J2X, J1J2Y ])
= [X,Y ]− [J2X, J2Y ] + J1J2[J1J2X,Y ] + J1J2[X, J1J2Y ]
+ J1[J2J1X, J2Y ] + J1[J2X, J2J1Y ]
= [X,Y ]− [J2X, J2Y ] + J1J2[J1J2X,Y ] + J1J2[X, J1J2Y ]
+ J1([J1X,Y ] + J2[J2J1X,Y ] + J2[J1X, J2Y ])
+ J1([X, J1Y ] + J2[J2X, J1Y ] + J2[X, J2J1Y ])
= [X,Y ]− [J2X, J2Y ] + J1([J1X,Y ] + J2[J1X, J2Y ])
+ J1([X, J1Y ] + J2[J2X, J1Y ])
= [J1X, J1Y ]− [J2X, J2Y ] + J1J2[J1X, J2Y ] + J1J2[J2X, J1Y ]
= NJ3(J1X, J1Y ).
In the same fashion, one gets
(47) NJ3(X,Y ) = NJ3(J2X, J2Y ).
Combining (46) and (47), one gets:
(48) NJ3(X,Y ) = NJ3(J3, J3Y ).
Note NJ3(J3X, J3Y ) = −NJ3(X,Y ), so we get
(49) NJ3(X,Y ) = 0.

Let us now understand the hypercomplex structure on K2 from (28). This for-
mula gives a 2 : 1 covering map from R4 − {0} to K2. We will call this map the
Levi-Civita map. Each identification of R4 with the space H of quaternion numbers
gives R4 a hypercomplex structure.
Proposition 3.1. Let ξ, η, ω, χ be linear coordinates on R4, consider the 2 : 1 map
from R4 − {0} → K2 defined in the (x, y, p, q)-coordinate patch by:
x+ iy = (ξ + iη)2, p− iq = ω − iχ
ξ + iη
.(50)
then the hypercomplex structure J1, J2, J3 corresponds to the following hypercomplex
structure on R4:
J1∂ξ = ∂η, J1∂η = −∂ξ, J1∂ω = −∂χ, J1∂χ = ∂ω,(51)
J2∂ξ = −∂ω, J2∂η = −∂χ, J2∂ω = ∂ξ, J2∂χ = ∂η,(52)
J3∂ξ = ∂χ, J3∂η = −∂ω, J3∂ω = ∂η, J2∂χ = −∂ξ.(53)
Proof. First we have
x = ξ2 − η2, y = 2ξη, p = ξω − ηχ
ξ2 + η2
, q =
ξχ+ ηω
ξ2 + η2
.
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It follows that
∂ξ = 2ξ∂x + 2η∂y +
−ωξ2 + ωη2 + 2ξηχ
(ξ2 + η2)2
∂p − χξ
2 − χη2 + 2ξηω
(ξ2 + η2)2
∂q,
∂η = −2η∂x + 2ξ∂y − χξ
2 − χη2 + 2ξηω
(ξ2 + η2)2
∂p − −ωξ
2 + ωη2 + 2ξηχ
(ξ2 + η2)2
∂q,
∂ω =
ξ
ξ2 + η2
∂p +
η
ξ2 + η2
∂q,
∂χ =
−η
ξ2 + η2
∂p +
ξ
ξ2 + η2
∂q.
It is then straightforward to check (51). To check (52), it suffices to note:
J2∂ω =
ξ
ξ2 + η2
J2∂p +
η
ξ2 + η2
J2∂q
=
ξ
ξ2 + η2
(
2(x2 + y2)1/2
∂
∂x
− px− qy
(x2 + y2)1/2
∂
∂p
− py + qx
(x2 + y2)1/2
∂
∂q
)
+
η
ξ2 + η2
(
2(x2 + y2)1/2
∂
∂y
− yp+ xq
(x2 + y2)1/2
∂
∂p
+
xp− yq
(x2 + y2)1/2
∂
∂q
)
= 2ξ∂x + 2η∂y +
−ωξ2 + ωη2 + 2ξηχ
(ξ2 + η2)2
∂p − χξ
2 − χη2 + 2ξηω
(ξ2 + η2)2
∂q
= ∂ξ,
J2∂χ =
−η
ξ2 + η2
J2∂p +
ξ
ξ2 + η2
J2∂q
=
−η
ξ2 + η2
(
2(x2 + y2)1/2
∂
∂x
− px− qy
(x2 + y2)1/2
∂
∂p
− py + qx
(x2 + y2)1/2
∂
∂q
)
+
ξ
ξ2 + η2
(
2(x2 + y2)1/2
∂
∂y
− py + qx
(x2 + y2)1/2
∂
∂p
+
px− qy
(x2 + y2)1/2
∂
∂q
)
= −2η∂x + 2ξ∂y − wx
2 − wy2 + 2xyz
2(x2 + y2)2
∂P − −zx
2 + zy2 + 2xyw
2(x2 + y2)2
∂Q
= ∂η.
Finally (53) follows from (51) and (52). 
3.4. Kepler manifold K3 as a complex manifold. In this subsection we recall
some well-known resolutions of the conifold singularity of C3. Since K3 ∼= C3−{0},
one can use the resolutions to describe K3.
Blow up C4 at the origin, and consider the strict transform of the quadric conifold
C3. The singular point by the smooth quadric in P
3
(54) {[w0 : w1 : w2 : w3] ∈ P3 | w20 + w21 + w22 + w23 = 0},
which is a copy of P1× P1. The total space of strict transform is isomorphic to the
total space OP1×P1(−1,−1), therefore one gets an isomorphism
(55) K3 ∼= OP1×P1(−1,−1)− P1 × P1.
For later use, we need to explicit write down such an isomorphism. First let
z1 = w0 + iw1, z2 = w0 − iw1, z3 = iw2 + w3, z4 = iw2 − w3.(56)
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Then one has
(57) z1z2 = z3z4.
On K3, all of z1, . . . , zn are not zero, and one can define four local coordinated
patches with local coordinates as follows:
α1,1 =
z3
z1
, α1,2 =
z4
z1
, β1 = z1 6= 0,(58)
α2,1 =
z4
z2
, α2,2 =
z3
z2
, β2 = z2 6= 0,(59)
α3,1 =
z1
z3
, α3,2 =
z2
z3
, β3 = z3 6= 0,(60)
α4,1 =
z2
z4
, α4,2 =
z1
z4
, β4 = z4 6= 0.(61)
These exactly correspond to four local coordinate patches on OP1×P1(−1,−1). This
resolution is not a minimal one. There are two different minimal resolutions ob-
tained from this one blowing down along each copy of P1 in P1 × P1, and they are
said to be related to each other by flop. Correspondingly, there are two different
ways to get an isomorphism of the form:
(62) K3 ∼= OP1(−1)⊕OP1(−1)− P1.
Indeed, one can define the following local coordinate patches on K3:
α1 =
z3
z1
, β1,1 = z1 6= 0, β1,2 = z4,(63)
α2 =
z4
z2
, β2,1 = z3, β2,2 = z2 6= 0,(64)
they correspond to two local coordinate patches on OP1(−1)⊕OP1(−1), or one can
take alternatively:
α3 =
z1
z3
, β3,2 = z2, β3,2 = z3 6= 0,(65)
α4 =
z2
z4
, β4,1 = z4 6= 0, β4,2 = z1.(66)
For later use, we need the following:
Proposition 3.2. On K3 the following identities hold:
(67)
3∑
j=0
|wj |2 = 1
2
4∑
j=1
|zj|2,
for k = 1, . . . , 4,
(68) (1 + |αk|2)(|βk,1|2 + |βk,2|2) = (1 + |αk,1|2)(1 + |αk,2|2)|βk|2 =
4∑
j=1
|zj |2.
Proof. Write wj and zj in terms of their real parts and imaginary parts: wj =
uj +
√−1vj , zj = xj +
√−1yj . By (56),
x1 = u0 − v1, y1 = v0 + u1, x2 = u0 + v1, y2 = v0 − u1,
x3 = −v2 + u3, y3 = u2 + v3, x4 = −v2 − u3, y4 = u2 − v3,
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therefore,
4∑
j=1
|zj|2 =
4∑
j=1
(x2j + y
2
j ) =
3∑
j=0
(2u2j + 2v
2
j ) = 2
3∑
j=0
|wj |2.
This proves the first formula. The second formula follows easily from (57). 
4. Kepler Metrics on Kepler Manifolds
In this Section we first recall that the symplectic structures on the Kepler mani-
folds are compatible with their complex structures, hence one obtains Ka¨hler struc-
tures on the Kepler manifolds. We will call these metrics the Kepler metrics and
show that they are Sasaki metrics on the conormal bundles of the round spheres. We
will also relate the Kepler metrics to Sasaki metrics on the unit conormal bundles
of the round spheres, which we show are Sasakian.
4.1. Symplectic structure on K2. The symplectic form on the original phase
space (R2 − {(0, 0)})× R2 is
(69) ω = dp ∧ dx + dq ∧ dy.
In the complex coordinate (α1, γ1) it is the real part of the holomorphic volume
form
(70) Ω = dα1 ∧ dγ1.
This form is defined everywhere on OP1(−2) and is nowhere vanishing, indeed, in
the other coordinate patch with local coordinate (α2, γ2), one has
(71) Ω = −dα2 ∧ dγ2.
By taking the real part of Ω, one gets a symplectic form, still denoted by ω, on the
whole space of K2. By an easy computation we get
Proposition 4.1. The pullback to R4 of symplectic form ω on K2 is
(72) ϕ∗LCω = 2dω ∧ dξ + 2dχ ∧ dη.
4.2. Hyperka¨hler metric on Kepler manifold K2. On K2 define g by
(73) g(X,Y ) = ω(X, J2Y ).
In the local coordinate patch with local coordinates (x, y, p, q) we have:
g =
p2 + q2 + 1
2(x2 + y2)1/2
dx2 +
2(px− qy)
(x2 + y2)1/2
dxdp +
2(py + qx)
(x2 + y2)1/2
dxdq
+
p2 + q2 + 1
2(x2 + y2)1/2
dy2 +
2(py + qx)
(x2 + y2)1/2
dydp− 2(px− qy)
(x2 + y2)1/2
dydq
+ 2(x2 + y2)1/2dp2 + 2(x2 + y2)1/2dq2.
This is a Riemannian metric compatible with J2, hence it defines a Ka¨hler metric
in this patch, hence a Ka¨hler metric on the whole K2 since this coordinate patch
is dense in K2.
Proposition 4.2. The Riemannian metric g is a hyperka¨hler metric with respect
to J2, J3, J1.
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Proof. For a = 1, 2, 3, let
(74) ωJa(X,Y ) = g(JaX,Y ).
In the (x, y, p, q) coordinate patch,
ωJ1 =
p2 + q2 + 1
2(x2 + y2)1/2
dx ∧ dy + py + qx
(x2 + y2)1/2
dx ∧ dp− px− qy
(x2 + y2)1/2
dx ∧ dq
− px− qy
(x2 + y2)1/2
dy ∧ dp− py + qx
(x2 + y2)1/2
dy ∧ dq − 2(x2 + y2)1/2dp ∧ dq,
ωJ2 = ω = dp ∧ dx+ dq ∧ dy,
ωJ3 = dx ∧ dq − dy ∧ dp.
One can easily see that
dω1 = 0,(75)
ωJ2 + iωJ3 = d(p− iq) ∧ d(x+ iy) = Ω.(76)
This finishes the proof. 
It is easy to see that:
ωJ1 =
i
2
( |α1|2 + 1
2|γ1| dγ1 ∧ dγ¯1 +
α1γ¯1
|γ1| dγ1 ∧ dα¯1 −
α¯1γ1
|γ1| dγ¯1 ∧ dα1 + 2|γ1|dα1 ∧ dα¯1
)
= i∂∂¯
(|γ1|(|α1|2 + 1)).
Note we have
(77) |γ1|(|α1|2 + 1) = |γ2|(|α2|2 + 1),
this defines a global function on K2, which is the Ka¨hler potential for the Ka¨hler
form ωJ1 .
We now pull back everything to R4 − {0} by the Levi-Civita map. We take the
complex coordinates with respect to J2 to be
z1 = ω + iξ, z2 = χ+ iη.(78)
Then the Ka¨hler form becomes
(79) i(dz1 ∧ dz¯1 + dz2 ∧ dz¯2),
and the Ka¨hler potential becomes
(80) |z1|2 + |z2|2.
4.3. Ka¨hler metrics and Ka¨hler potentials on Kepler Manifolds Kn. Recall
that the Moser map satisfies the identity (19), so after taking exterior differentials
on both sides of this identity one has
(81)
n∑
j=0
dxj ∧ dξj =
n∑
j=1
dyj ∧ dηj .
This defines a symplectic structure on Kn. As first noted by Rawnsley [38], ω is
the Ka¨hler form of a Riemannnian metric with respect to the complex structure
J = J2 using the diffeomorphism Kn ∼= C∗n, and
(82) ω = 2i∂∂¯|~u|,
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where |~u| = (u20 + · · ·+ u2n)1/2. These facts can be checked as follows. We will first
work on Cn+1 and then restrict to C∗n. On C
n+1 one has
(83) ω =
n∑
j=0
ddxj ∧ dξj =
n∑
j=0
d
uj
(
∑n
k=0 u
2
k)
1/2
∧ dvj ,
and so (82) can be checked directly, and using the fact that
J∂uj = ∂vj , J∂vj = −∂uj , j = 0, . . . , n,(84)
one defines g by (73):
g =
1
(
∑n
k=0 u
2
k)
1/2
n∑
j=0
du2j −
1
(
∑n
k=0 u
2
k)
3/2
( n∑
j=0
ujduj
)2
+
1
(
∑n
k=0 u
2
k)
1/2
n∑
j=0
dv2j −
1
(
∑n
k=0 u
2
k)
3/2
( n∑
j=0
ujdvj
)2
.
(85)
This is not positive definite on Cn+1, and we have to to restrict g to C∗n. Let
u = |~u| = (u20 + u21 + · · ·+ u2n)1/2, and set
uj = uuˆj, vj = uvˆj , j = 0, 1, . . . , n,(86)
then we have:
n∑
j=0
uˆ2j =
n∑
j=0
vˆ2j = 1,(87)
n∑
j=0
uˆj vˆj = 0.(88)
and also
n∑
j=0
du2j =
n∑
j=0
(d(uuˆj))
2 =
n∑
j=0
(uˆjdu + uduˆj)
2
=
n∑
j=0
uˆ2jdu
2 + 2udu
n∑
j=0
uˆjduˆj + u
2
n∑
j=0
duˆ2j
= du2 + u2
n∑
j=0
duˆ2j ,
n∑
j=0
dv2j =
n∑
j=0
(d(uvˆj))
2 =
n∑
j=0
(vˆjdu + udvˆj)
2
=
n∑
j=0
vˆ2jdu
2 + 2udu
n∑
j=0
vˆjdvˆj + u
2
n∑
j=0
dvˆ2j
= du2 + u2
n∑
j=0
dvˆ2j ,
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n∑
j=0
ujduj = udu,
n∑
j=0
ujdvj =
n∑
j=0
uuˆjd(uvˆj) =
n∑
j=0
uuˆj vˆjdu +
n∑
j=0
u2uˆjdvˆj
= u2
n∑
j=0
uˆjdvˆj .
It follows that
g =
1
u
(du2 + u2
n∑
j=0
duˆ2j)−
1
u3
(udu)2
+
1
u
n∑
j=0
(du2 + u2
n∑
j=0
dvˆ2j )−
1
u3
(
u2
n∑
j=0
uˆjdvˆj
)2
=
1
u
du2 + u
( n∑
j=0
duˆ2j +
n∑
j=0
dvˆ2j −
( n∑
j=0
uˆjdvˆj
)2)
.
In the following two subsections we will show that
(89) h =
n∑
j=0
duˆ2j +
n∑
j=0
dvˆ2j −
( n∑
j=0
uˆjdvˆj
)2
=
n∑
j=0
duˆ2j +
n∑
j=0
dvˆ2j −
( n∑
j=0
vˆjduˆj
)2
is the Sasaki metric on the unit conormal bundle of Sn.
Let u = r
2√
2
, since we have
(90) g =
1√
2
(
dr2 + r2h
)
is a Ka¨hler metric, h is Sasakian (cf. Sparks [43]).
We note that in the same way one can define Ka¨hler metrics on deformed coni-
folds.
4.4. Reformulation of h by the Moser map. We now understand h by the
Moser map. We take xj = uˆj and ξj = vˆj ,
h =
(
d
|~y|2 − 1
|~y|2 + 1
)2
+
n∑
j=1
(
d
2yj
|~y|2 + 1
)2
+(d(~η · ~y))2 +
n∑
j=1
(
d(
|~y|2 + 1
2
· ηj − (~η · ~y) · yj)
)2
−
( |~y|2 − 1
|~y|2 + 1d(~η · ~y) +
n∑
j=1
2yj
|~y|2 + 1d(
|~y|2 + 1
2
· ηj − (~η · ~y) · yj)
)2
.
(91)
The first line on the right-hand side of (91) can be simplified to be
I =
4
∑n
j=1 dy
2
j
(
∑n
j=1 y
2
j + 1)
2
,
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The third line on the right-hand side of (91) can be simplified as follows:
III = −
( |~y|2 − 1
|~y|2 + 1d(~η · ~y)
+
n∑
j=1
2yj
|~y|2 + 1
( |~y|2 + 1
2
· dηj + 1
2
ηjd|~y|2 − yjd(~η · ~y)− (~η · ~y) · dyj)
))2
= −
( |~y|2 − 1
|~y|2 + 1d(~η · ~y)
+
n∑
j=1
yjdηj +
~y · ~η
|~y|2 + 1d|~y|
2 − 2|~y|
2
|~y|2 + 1d(~η · ~y)−
(~η · ~y)
|~y|2 + 1 · d|~y|
2)
))2
= −
(
−d(~η · ~y) +
n∑
j=1
yjdηj
)2
= −
( n∑
j=1
ηjdyj
)2
.
The second line on the right-hand side of (91) is more complicated and will be
treated in steps as follows: First we expand the square in the second term:
II = (d(~η · ~y))2 +
n∑
j=1
( |~y|2 + 1
2
· dηj + 1
2
ηjd|~y|2 − yjd(~η · ~y)− (~η · ~y) · dyj)
)2
= (d(~η · ~y))2 + (1 + |~y|
2)2
4
n∑
j=1
dη2j +
1
4
|η|2(d|~y|2)2 + |~y|2(d(~η · ~y))2
+ (~η · ~y)2 ·
n∑
j=1
dy2j +
|~y|2 + 1
4
· d|η|2d|~y|2 − (|~y|2 + 1) ·
n∑
j=1
yjdηj · d(~η · ~y)
− (|~y|2 + 1) · (~η · ~y) ·
n∑
j=1
dηjdyj − (~η · ~y)d|~y|2d(~η · ~y)
− (~η · ~y) ·
n∑
j=1
ηjdyj · d|~y|2 + (~η · ~y) · d(~η · ~y)d|~y|2.
Next we simplify the above expression as follows:
II =
(1 + |~y|2)2
4
n∑
j=1
dη2j +
1
4
|η|2(d|~y|2)2 + (1 + |~y|2)(d(~η · ~y))2
+ (~η · ~y)2 ·
n∑
j=1
dy2j +
|~y|2 + 1
4
· d|η|2d|~y|2 − (|~y|2 + 1) ·
n∑
j=1
yjdηj · d(~η · ~y)
− (|~y|2 + 1) · (~η · ~y) ·
n∑
j=1
dηjdyj − (~η · ~y) ·
n∑
j=1
ηjdyj · d|~y|2
= A+B + C,
where we have split the terms according to their types:
A =
(1 + |~y|2)2
4
n∑
j=1
dη2j ,
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B =
|~y|2 + 1
4
· d|η|2d|~y|2 + (|~y|2 + 1) ·
n∑
j=1
ηjdyj ·
n∑
k=1
ykdηk
− (|~y|2 + 1) · (~η · ~y) ·
n∑
j=1
dηjdyj
= (|~y|2 + 1)
n∑
j=1
dηj ·
( n∑
k=1
(ηjyk + ηkyj)dyk − (~η · ~η)dyj
)
.
C =
1
4
|η|2(d|~y|2)2 + (~η · ~y)2 ·
n∑
j=1
dy2j
+ (|~y|2 + 1) ·
( n∑
j=1
ηjdyj
)2
− (~η · ~y) ·
n∑
j=1
ηjdyj · d|~y|2
=
n∑
j=1
(
−(~η · ~y)dyj +
n∑
k=1
(ykηj + yjηk)dyk
)2
+
( n∑
j=1
ηjdyj
)2
.
Combining the above terms together, we get:
h =
4
∑n
j=1 dy
2
j
(
∑n
j=1 y
2
j + 1)
2
+
(1 + |~y|2)2
4
n∑
j=1
dη2j
+ (|~y|2 + 1)
n∑
j=1
dηj ·
( n∑
k=1
(ηjyk + ηkyj)dyk − (~η · ~η)dyj
)
+
n∑
j=1
(
−(~η · ~y)dyj +
n∑
k=1
(ykηj + yjηk)dyk
)2
=
4
∑n
j=1 dy
2
j
(
∑n
j=1 y
2
j + 1)
2
+
(1 + |~y|2)2
4
n∑
j=1
(
dηj +
2
(|~y|2 + 1)
( n∑
k=1
(ηjyk + ηkyj)dyk − (~η · ~η)dyj
))2
.
To summarize we have proved the following:
Proposition 4.3. On T ∗Sn, the expression h defined in (91) can be expressed in
local coordinates {yi, ηi} as follows:
(92) h =
4
∑n
j=1 dy
2
j
(
∑n
j=1 y
2
j + 1)
2
+
(1 + |~y|2)2
4
n∑
j=1
Dηj ,
where
(93) Dηj = dηj +
2
(|~y|2 + 1)
( n∑
k=1
(ηjyk + ηkyj)dyk − (~η · ~η)dyj
)
.
4.5. Sasaki metric. To under h in last Proposition let us recall the Sasaki metric
on the tangent bundle of a Riemannian manifold (Mn, g). Suppose in a local
coordinate patch U with local coordinates {xi} the Riemannian metric of M is
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given by the quadratic form
(94) ds2 = gjk(x)dx
jdxk.
Denote by ∇ the Levi-Civita connection of (M, g),
(95) ∇ ∂
∂xi
= Γkijdx
j ⊗ d
dxk
.
Then
(96) ∇(vi ∂
∂xi
) = dvi ⊗ ∂
∂xi
+ vi∇ ∂
∂xi
= Dvi ⊗ ∂
∂xi
,
where Dvi means the covariant differential of vj , i.e.
(97) Dvi = dvi + Γijkv
jdxk.
Similarly, we have
(98) ∇(pidxi) = dpi ⊗ dxi + pi∇dxi = Dpj ⊗ dxj ,
where Dpi means the covariant differential of pj, i.e.
(99) Dpj = dpj − Γijkpidxk.
The Sasaki metric of TM is given in π−1(U) by the quadratic form
(100) dσ2 = gjk(x)dx
jdxk + gjk(x)Dv
jDvk.
It can also be written as:
dσ2 = gij(x)dx
idxj + gij(x)Γ
i
abΓ
j
cdv
avcdxbdxd
+ 2gij(x)Γ
i
abv
adxbdvj + gij(x)dv
idvj .
(101)
Using the Riemannian metric one can define an isomorphism ♯ : T ∗M → TM by:
(102) pjdx
j 7→ vi ∂
∂xi
= pjg
ij ∂
∂xi
.
Using this isomorphism one can pull back the Sasaki metric to T ∗M . Since we have
(103) vi = gijpj ,
it follows that
dσ2 = gijdx
idxj + gijΓ
i
abΓ
j
cdg
akpkg
clpldx
bdxd
+ 2gijΓ
i
abg
akpkdx
bd(gjlpl) + gijd(g
ikpk)d(g
jlpl)
= gijdx
idxj + gijΓ
i
abΓ
j
cdg
akpkg
clpldx
bdxd
+ 2gijΓ
i
abg
akpkdx
bgjldpl + 2gijΓ
i
abg
akpkdx
bpldg
jl
+ gijpkpldg
ikdgjl + 2gijg
jldgikpkdpl + gijg
ikgjldpkdpl
= gijdx
idxj + gij(Γ
i
abg
akdxb + dgik)(Γjcdg
cldxd + dgjl)pkpl
+ 2(Γiabg
akdxb + dgik)pkdpi + g
kldpkdpl.
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Now note we have the following computations:
Γiabg
akdxb + dgik
=
1
2
gij(gaj,b + gbj,a − gab,j)gakdxb − gij · gjl,bdxb · glk
=
1
2
gijgaj,bg
akdxb +
1
2
gijgbj,ag
akdxb − 1
2
gijgab,jg
akdxb − gij · gjl,bdxb · glk
= −1
2
gijgaj,bg
akdxb +
1
2
gijgbj,ag
akdxb − 1
2
gijgab,jg
akdxb
= −gijΓkjbdxb.
It follows that
(104) dσ2 = gjkdx
jdxk + gklDpkDpl.
Indeed, we have:
dσ2 = gijdx
idxj + gijg
isΓksbdx
b · gjtΓktcdxcpkpl
+ 2(Γiabg
akdxb + dgik)pkdpi + g
kldpkdpl
= gijdx
idxj + gklΓikapiΓ
j
lbpjdx
adxb2gijΓkjbdx
bpkdpi + g
kldpkdpl
= gijdx
idxj + gijDpiDpj .
Now we let
(105) gij =
4(
1 + |~x|2)2 δi,j , i, j = 1, . . . , n,
where |~x| =∑nj=1(xj)2. Then one has
(106) Dpj = dpj − 2~x · ~p
1 + |~x|2 dx
j +
∑
k
2(xkpj + x
jpk)
1 + |~x|2 dx
k.
where ~x · ~p =∑i xipi.
By comparing with Proposition we have
Proposition 4.4. On T ∗Sn, the expression h defined in (91) is the Sasaki metric
for the round metric on Sn.
4.6. Ricci curvature of the Kepler metric g on Kn. In the above we have
shown that the g on Kn is Ka¨hler, now we show it is also Ricci-flat. Recall
(107) ω = 2i∂∂¯u,
where
u = (u20 + · · ·+ u2n)1/2 =
1√
2
(|w0|2 + |w1|2 + · · ·+ |wn|2)1/2 = 1√
2
|~w|.
Since we have
∂|~w| = 1
2|~w|
n∑
j=0
w¯jdwj , ∂¯|~w| = 1
2|~w|
n∑
k=0
wkdw¯k,(108)
after taking differential again, one gets
(109) ω =
√
2i
2|~w|
n∑
j=0
dwj ∧ dw¯j −
√
2i
4|~w|3
n∑
j=0
w¯jdwj ∧
n∑
k=0
wkdw¯k.
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On the local coordinate patch on C∗n with w1, . . . , wn as local coordinates, we have
(110) w0 = ±i(w21 + · · ·+ w2n)1/2,
and so we have
∂w0 = −
∑n
j=1 wjdwj
w0
, ∂¯w¯0 = −
∑n
k=1 w¯kdw¯k
w¯0
.(111)
Now the Ka¨hler form is given by:
ω =
√
2i
2|~w|
n∑
j=1
dwj ∧ dw¯j +
√
2i
2|~w| · |w0|2
n∑
j=1
wjdwj ∧
n∑
k=1
w¯kdw¯k
−
√
2i
4|~w|3
( n∑
j=1
w¯jdwj −
w¯0
∑n
j=1 wjdwj
z0
)
∧
( n∑
k=1
zkdw¯k − w0
∑n
k=1 w¯kdw¯k
w¯0
)
=
√
2i
2|~w|
n∑
j=1
dwj ∧ dw¯j +
√
2i
2|~w| · |w0|2
n∑
j=1
wjdwj ∧
n∑
k=1
w¯kdw¯k
−
√
2i
4|~w|3
n∑
j=1
(w0w¯j − w¯0wj)dwj ∧
n∑
k=1
(w¯0wk − w0w¯k)dw¯k.
Write ω = ωij¯dwi ∧ dwj , one can get:
det(ωij¯) =
(√
2i
2
)n
1
2|∑nj=1 w2j | · (|∑nj=1 w2j |+∑nj=1 |wj |2)(n−2)/2 ,
using the following easily proved identity:
det(δi,j + wiw¯j + xziz¯j)i,j=1,...n
=(1 +
n∑
j=1
|wj |2)(1 + x
n∑
k=1
|zk|2)− x
∣∣∣∣
n∑
j=1
zjw¯j
∣∣∣∣
2
.
(112)
The Ricci form of ω is
(113) ρ = −i∂∂¯ log det(ωij¯) = −
n− 2
2
∂∂¯ log
(
|
n∑
j=1
w2j |+
n∑
j=1
|wj |2
)
.
In particular, when n = 2, ρ = 0.
5. Ka¨hler Ricci-Flat Metric on Conifolds and Deformed Conifolds
In last Section we have seen that the Kepler metrics on the Kepler manifolds Kn
are in general not Ka¨hler Ricci-flat. In this Section we show that it is possible to
construct natural Ka¨hler Ricci-flat metrics on conifold and the deformed conifold.
5.1. Some Ka¨hler Ricci-flat metrics on the conifold. Let us consider a Ka¨hler
potential of the form:
(114) K = f(t)
on C∗n, where t is defined by:
(115) t =
n∑
j=0
|wj |2.
22 JIAN ZHOU
Since we have
∂t =
n∑
j=1
w¯jdwj −
w¯0
∑n
j=1 wjdwj
w0
=
1
w0
n∑
j=1
(w0w¯j − w¯0wj)dwj ,(116)
∂¯t =
n∑
j=1
wjdw¯j − w0
∑n
k=1 w¯kdw¯k
w¯0
=
1
w¯0
n∑
j=1
(w¯0wj − w0w¯j)dw¯j .(117)
and
(118) ∂∂¯t =
n∑
j=1
dwj ∧ dw¯j + 1|w0|2
n∑
j=1
wjdwj ∧
n∑
k=1
w¯kdw¯k,
the Ka¨hler form associated with K is then
ωK : = i∂∂¯K = if
′(t)∂∂¯t+ if ′′(t)∂t ∧ ∂¯t
= if ′(t) ·
( n∑
j=1
dwj ∧ dw¯j + 1|w0|2
n∑
j=1
wjdwj ∧
n∑
k=1
w¯kdw¯k
)
+ if ′′(t) · 1|w0|2
n∑
j=1
(w0w¯j − w¯0wj)dwj ∧
n∑
j=1
(w¯0wj − w0w¯j)dw¯j .
By the formula (112), the determinant of the associated Hermitian matrix is:
in(f ′(t))n ·
[(
1 +
1
|w0|2
n∑
j=1
|wj |2
)
·
(
1 +
f ′′(t)
f ′(t)
1
|w0|2
n∑
j=1
|w¯0wj − w0w¯j |2
)
− f
′′(t)
f ′(t)
1
|w0|4
∣∣∣∣
n∑
j=1
wj(w¯0wj − w0w¯j)
∣∣∣∣
2]
= in(f ′(t))n · 1|w0|2
[ n∑
j=0
|wj |2 ·
(
1 +
f ′′(t)
f ′(t)
· 2
n∑
j=0
|wj |2
)
− f
′′(t)
f ′(t)
( n∑
j=0
|wj |2
)2]
= in · 1|w0|2
[
t(f ′(t))n + t2(f ′(t))n−1f ′′(t)
]
.
In the above we have used the following computations:
n∑
j=1
|w¯0wj − w0w¯j |2 =
n∑
j=1
(2|w0|2|wj |2 − w20w¯2j − w¯20w2j ) = 2|w0|2
n∑
j=0
|wj |2,(119)
n∑
j=1
wj(w¯0wj − w0w¯j) = w¯0
n∑
j=1
w2j − w0
n∑
j=1
|wj |2 = −w0
n∑
j=0
|wj |2,(120)
and in these equalities we use the equation
(121)
n∑
j=0
w20 = 0.
The Ricci form of ωK is
(122) ρK = −i∂∂¯ log
[
t(f ′(t))n + t2(f ′(t))n−1f ′′(t)
]
.
To get Ka¨hler Ricci-flat metric, it suffices to have
(123) t(f ′(t))n + t2(f ′(t))n−1f ′′(t) = c
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Let y(t) = tφ′(t),
(124) yn−1y′ = ctn−2
Integrating once,
(125) yn =
nc
n− 1 t
n−1 + c1.
Rewrite it as follows:
(126) f ′(t) =
1
t
(
nc
n− 1 t
n−1 + c1
)1/n
,
and so
(127) f(t) =
∫
1
t
(
nc
n− 1 t
n−1 + c1
)1/n
dt.
In particular, f(t) = Ct(n−1)/n is a solution.
5.2. Some Ka¨hler Ricci-flat metrics on the deformed conifold. It is remark-
able that similar computations can be done on the deformed conifold C˜n(a) defined
by the equation
(128)
n∑
j=0
w2j = a,
where a ∈ C∗ = C− {0}. We need to modify (119) and (120):
n∑
j=1
|w¯0wj − w0w¯j |2 =
n∑
j=1
(2|w0|2|wj |2 − w20w¯2j − w¯20w2j )
= 2|w0|2
n∑
j=0
|wj |2 − (aw¯20 + a¯w20),
n∑
j=1
wj(w¯0wj − w0w¯j) = w¯0
n∑
j=1
w2j − w0
n∑
j=1
|wj |2
= aw¯0 − w0
n∑
j=0
|wj |2.
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in(f ′(t))n ·
[(
1 +
1
|w0|2
n∑
j=1
|wj |2
)
·
(
1 +
f ′′(t)
f ′(t)
1
|w0|2
n∑
j=1
|w¯0wj − w0w¯j |2
)
− f
′′(t)
f ′(t)
1
|w0|4
∣∣∣∣
n∑
j=1
wj(w¯0wj − w0w¯j)
∣∣∣∣
2]
= in(f ′(t))n · 1|w0|2
[ n∑
j=0
|wj |2 ·
(
1 +
f ′′(t)
f ′(t)
· 1|w0|2
(
2|w0|2
n∑
j=0
|wj |2 − (aw¯20 + a¯w20)
))
− f
′′(t)
f ′(t)
1
|w0|4
∣∣∣∣aw¯0 − w0
n∑
j=0
|wj |2
∣∣∣∣
2]
= in(f ′(t))n · 1|w0|2
[
t ·
(
1 +
f ′′(t)
f ′(t)
·
(
2t− (aw¯
2
0 + a¯w
2
0)
|w0|2
))
− f
′′(t)
f ′(t)
1
|w0|4
(
|a|2|w0|2 − t(aw¯20 + a¯w20) + t2|w0|2
)]
= in · 1|w0|2
[
t(f ′(t))n + (t2 − |a|2)(f ′(t))n−1f ′′(t)
]
.
Therefore, to get a Ka¨hler Ricci-flat metric, it suffices to have
(129) t(f ′(t))n + (t2 − |a|2)(f ′(t))n−1f ′′(t) = c.
When a = 1, this was obtained by Stenzel [44]. Let us modify his solution for this
case to general a ∈ C∗ as follows. Let t = |a|x, and g(x) := f(t). Then since
g′(x) = |a|f ′(t), g′′(x) = |a|2f ′′(t),
(130) x(g′(x))n + (x2 − 1)(g′(x))n−1g′′(x) = c|a|n−1.
Now let x = coshw, and h(w) := g(x). Then one has
(131)
d
dw
(h′(w))n = nc|a|n−1(sinhw)n−1.
5.3. Sasakian-Einstein metric. One can redo the calculations in Section 5.1 in
the fashion of Section 4.3. I.e., one first works on Cn+1, then restricts to C∗n. Then
ωK =
√−1f ′(t)
n∑
j=0
dwj ∧ dw¯j +
√−1f ′′(t)
n∑
j=0
w¯jdwj ∧
n∑
k=0
wkdw¯k.
The Riemannian metric is
gK =2f
′(t)
n∑
j=0
(du2j + dv
2
j ) + 2f
′′(t)
( n∑
j=0
(ujduj + vjdvj)
)2
+2f ′′(t)
( n∑
j=0
(ujdvj − vjduj)
)2
.
(132)
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By the same computations as in Section 4.3,
gK =2f
′(t) ·
(
2du2 + u2
n∑
j=0
(duˆ2j + dvˆ
2
j )
)
+8f ′′(t)u2du2 + 8f ′′(t)u4
( n∑
j=0
uˆjdvˆj
)2
.
(133)
Note u2 = 12 t, so
gK =
(
f ′(t)
2t
+
f ′′(t)
2
)
· dt2 + tf ′(t)
n∑
j=0
(duˆ2j + dvˆ
2
j )
+2t2f ′′(t)
( n∑
j=0
uˆjdvˆj
)2
.
(134)
When f(t) = Ct(n−1)/n,
gK =C
(n− 1)2
2n2
t−(n+1)/ndt2
+C
n− 1
n
t(n−1)/n
( n∑
j=0
(duˆ2j + dvˆ
2
j )−
2
n
( n∑
j=0
uˆjdvˆj
)2)
.
(135)
Take C = 2n
2
(n−1)2 and r =
√
2n
(n−1) t
n−1
2n ,
(136) gK = dr
2 + r2
( n∑
j=0
(duˆ2j + dvˆ
2
j )−
2
n
( n∑
j=0
uˆjdvˆj
)2)
.
As a corollary, this shows that
n∑
j=0
(duˆ2j + dvˆ
2
j )−
2
n
( n∑
j=0
uˆjdvˆj
)2
defines a Sasakian-Einstein metric [7] on the unit conormal bundle of the round
sphere Sn.
5.4. A special Ka¨hler-Ricci flow. Consider Ka¨hler-Ricci flow of the form
(137)
d
ds
ωK = ρK + λ · ωK ,
where λ is some constant, and
ωK =
√−1∂∂¯fs(t),
ρK = −i∂∂¯ log
[
t(f ′s(t))
n + t2(f ′s(t))
n−1f ′′s (t)
]
,
for some family {fs(t)} of functions in t, parameterized by s. One can consider the
following flow in the space of Ka¨hler potentials:
(138)
d
ds
fs(t) = − log
[
t(f ′s(t))
n + t2(f ′s(t))
n−1f ′′s (t)
]
+ λfs(t) + C1.
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6. U(n)-Symmetric Ka¨hler Metrics and Hessian Geometry
Let us summarize what we have discussed so far in this paper: (1) Regular-
izations of the Kepler systems lead to the symplectic manifolds Kn. (2) Kn have
natural complex structures which can used to relate them to the n-conifolds Cn. (3)
The complex structures and symplectic structures on Kn are compatible, leading to
the Kepler metrics. (4) The Kepler metrics have Ka¨hler potential 1√
2
|~w|, and this
is also the Ka¨hler potential for some Ka¨hler metrics the deformed conifolds. (5)
There are Ka¨hler Ricci-flat metrics on the n-folds and the deformed conifolds with
Ka¨hler potentials of the form f(|~w|2), in particular C|~w|2(n−1)/n defines a Ka¨hler
Ricci-flat metric on Kn. Furthermore, there are several ways to understand K3:
(a) holomorphically equivalent to OP1(−1) ⊕ OP1(−1) − P1; (b) holomorphically
equivalent to OP1×P1(−1,−1)−P1×P1; (c) holmorphically equivalent to C∗3 . Sim-
ilarly, there are several ways to understand K2: (a) there is a 2 : 1 covering by C
2;
(b) holomorphically equivalent to OP1(−2) − P1; (c) holmorphically equivalent to
C∗2 . In the preceding Sections we have discussed the Ka¨hler metrics on K2 from
the third point of view, and considered Ka¨hler metrics on the two-dimensional de-
formed conifold. In this Section we will take the first two points of view. This will
leads to a discussion of the Ka¨hler metrics on the two-dimensional resolved conifold.
We will take a more general point of view and follow the approach of construction
of Ka¨hler metrics with U(n)-symmetry for n ≥ 2 developed in Duan-Zhou [13, 14],
generalizing a construction by LeBrun [28]. This will lead us to the application of
symplectic coordinates and Hessian geometry in the noncompact case.
6.1. A simple example. Consider the flat Ka¨hler metric on C:
(139) ω =
√−1
2
∂∂¯u =
√−1
2
dz ∧ dz¯,
where u = |z|2. Let z = reiθ , then the Riemannian metric can be written in the
following form:
(140) g = (dr)2 + r2(dθ)2 =
(dy)2
4y
+ y · (dθ)2,
where a new local coordinate y is introduced instead of r:
(141) y = r2
One also introduces:
(142) ψ = y(ln y − 1),
and a dual coordinate y∨ by
(143) y∨ =
∂ψ
∂y
= ln y.
It is clear that:
(144) y = ey
∨
.
The Legendre transform of ψ is given by:
(145) ψ∨ = yy∨ − ψ = y ∂ψ
∂y
− ψ.
Then
(146) ψ∨ = y = ey
∨
.
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Now the Ka¨hler form and the Riemannian metric can be rewritten as:
(147) ω =
1
2
dy ∧ dθ,
(148) g =
1
4
∂2ψ
∂y∂y
(dy)2 +
∂2ψ∨
∂y∨∂y∨
(dθ)2.
In the rest of this paper, we will generalize this example in various ways and use
them to study the Kepler metrics.
6.2. Symplectic coordinates. On Cn − {0} with linear coordinates z1, . . . , zn
we consider U(n)-symmetric Ka¨hler metrics. Take the Ka¨hler potential to be a
function of the form φ(u), where u = |z1|2 + · · · + |zn|2. Then the Ka¨hler form is
the (1, 1)-form given by:
(149) ω =
√−1∂∂¯φ(u) = √−1(φ′(u)
n∑
i=1
dzi ∧ dz¯i + φ′′(u)
n∑
i=1
z¯idzi ∧
n∑
j=1
zjdz¯j).
Let zi = rie
√−1θi , one can rewrite ω as:
(150) ω = 2φ′(u)
n∑
i=1
ridri ∧ dθi + 2φ′′(u)
n∑
i=1
ridri ∧
n∑
j=1
r2jdθj .
Let T n be the torus subgroup of U(n) consisting of diagonal unitary matrices.
Restricting the U(n)-action to T n, one gets a Hamiltonian action with moment
map:
(151) (y1, . . . , yn) = (|z1|2φ′(u), . . . , |zn|2φ′(u)).
It is easy to see that
(152) ω =
n∑
i=1
dyi ∧ dθi.
Therefore, (yi, θi) are action-angle variables, or following Abreu [1] and Donaldson
in the compact toric Ka¨hler case, they will be called the symplectic coordinates.
6.3. Ka¨hler potential in symplectic coordinates. Let
(153) y := y1 + · · ·+ yn.
It is clear that:
(154) y = u · φ′(u).
This was introduced by LeBrun [28]. See also [13, 14]. Integrating the above
differential equation, we get the Ka¨hler potential φ as a function of u:
(155) φ =
∫
y(u)
u
du.
Now under suitable conditions u is a function of y, and so is φ. We have:
(156)
dφ
dy
=
y
u
du
dy
= y
d log u
dy
,
and so after integration:
(157) φ =
∫
yd logu = y log u−
∫
log(u)dy.
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This formula expresses the Ka¨hler potential in terms of the symplectic coordinates.
6.4. Riemannian metric in symplectic coordinates. Now let us express the
Riemannian metric also in terms of the symplectic coordinates. The Hermitian
metric is given by
(158) h = 2φ′(u)
n∑
i=1
dzi ⊗ dz¯i + 2φ′′(u)
n∑
i=1
z¯idzi ⊗
n∑
j=1
zjdz¯j .
and so the Riemannian metric is
g =2φ′(u)
n∑
i=1
((dri)
2 + r2i (dθi)
2) + 2φ′′(u)
n∑
i,j=1
rirj(dridrj + rirjdθidθj)
=2φ′(u)
n∑
i=1
((dri)
2 + r2i (dθi)
2) + 2φ′′(u)
{( n∑
i=1
ridri
)2
+
( n∑
i=1
r2i dθi
)2}
.
(159)
Theorem 6.1. In symplectic coordinates the Riemannian metric g takes the fol-
lowing form:
(160) g =
n∑
i,j=1
(
1
2
Gijdyidyj + 2G
ijdθidθj),
where the coefficients Gij and G
ij are given by:
Gij =
δij
yi
− 1
y
+
1
u
du
dy
,(161)
Gij = yiδij +
(
u
y2 dudy
− 1
y
)
yiyj.(162)
Furthermore, the matrices (Gij) and (G
ij) are inverse to each other.
Proof. Note we have
(163) ri =
√
yi
φ′(u)
.
So the Riemannian metric can be written as
g =
1
2
n∑
i=1
yi
(
dyi
yi
− φ
′′(u)
φ′(u)
du
)2
+
1
2
φ′′(u)(du)2
+ 2
n∑
i=1
yi(dθi)
2 + 2
φ′′(u)
φ′(u)2
( n∑
i=1
yidθi
)2
.
We first rewrite φ
′′(u)
φ′(u) du and
φ′′(u)
φ′(u)2 as follows. Taking logarithmic differential of
(154) one can get:
(164)
φ′′(u)
φ′(u)
du =
(
1
y
− 1
u
du
dy
)
dy.
We also have:
φ′′(u) =
1
u
· uφ′′(u) = 1
u
((uφ′(u))′ − φ′(u)) = 1
u
(
dy
du
− y
u
) =
1
u dudy
− y
u2
,
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φ′′(u)
φ′(u)2
=
u · (uφ′′(u))
(uφ′(u))2
=
u( dydu − yu )
y2
=
u
y2 dudy
− 1
y
.
g =
1
2
n∑
i=1
yi
(
dyi
yi
−
(
1
y
− 1
u
du
dy
)
dy
)2
+
1
2
(
1
u dudy
− y
u2
)(
du
dy
dy
)2
+ 2
n∑
i=1
yi(dθi)
2 + 2
(
u
y2 dudy
− 1
y
)( n∑
i=1
yidθi
)2
=
1
2
n∑
i=1
(dyi)
2
yi
−
n∑
i=1
dyi
(
1
y
− 1
u
du
dy
)
dy +
1
2
n∑
i=1
yi
(
1
y
− 1
u
du
dy
)2
(dy)2
+
1
2
(
u dudy
y2
−
(dudy )
2
y
)
(dy)2
+ 2
n∑
i=1
yi(dθi)
2 + 2
(
u
y2 dudy
− 1
y
)( n∑
i=1
yidθi
)2
.
Using the fact that y =
∑n
i=1 yi, one can make a further simplification:
g =
1
2
n∑
i=1
(dyi)
2
yi
− 1
2
(
1
y
− 1
u
du
dy
)
(dy)2
+ 2
n∑
i=1
yi(dθi)
2 + 2
(
u
y2 dudy
− 1
y
)( n∑
i=1
yidθi
)2
.
This proves the first statement. The second statement can be proved as follows:
n∑
j=1
GijG
jk =
n∑
j=1
(
δij
yi
− 1
y
+
1
u
du
dy
)(
yjδjk +
(
u
y2 dudy
− 1
y
)
yjyk
)
= δik +
(
u
y2 dudy
− 1
y
)
yk +
(
−1
y
+
1
u
du
dy
)
yk
+
(
−1
y
+
1
u
du
dy
)
·
(
u
y2 dudy
− 1
y
) n∑
j=1
yjyk
= δik.

6.5. The complex potential in symplectic coordinates. It is clear that
(165) Gij =
∂2ψ
∂yi∂yj
for the function ψ defined by:
(166) ψ =
n∑
i=1
yi(ln yi − 1)− y(ln y − 1) +
∫
log u(y)dy.
The function ψ is called the complex potential because
(167)
1
2
n∑
j=1
∂2ψ
∂yi∂yj
dyj +
√−1dθi = dzi
zi
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is of type (1, 0). Indeed, we have
dzi
zi
=
dri
ri
+
√−1dθi = 1
2
(
dyi
yi
− φ
′′(u)
φ′(u)
du
)
+
√−1dθi
=
1
2
(
dyi
yi
− dy
y
+
du
u
)
+
√−1dθi
=
1
2
n∑
j=1
∂2ψ
∂yi∂yj
dyj +
√−1dθi.
6.6. Legendre transform. Introduce the dual local coordinates y∨i by
(168) y∨i =
∂ψ
∂yi
,
and introduce a dual potential function:
(169) ψ∨ =
n∑
i=1
yi
∂ψ
∂yi
− ψ
By (166) we get:
(170) y∨i = log yi − log y + log u(y) = 2 log ri,
and
(171) ψ∨ = y lnu(y)−
∫
lnu(y)dy = φ.
Theorem 6.2. The Riemannian metric g satisfies:
(172) g =
1
2
n∑
i,j=1
∂2ψ
∂yi∂yj
dyidyj + 2
n∑
i,j=1
∂2ψ∨
∂y∨i ∂y
∨
j
dθidθj .
In particular,
(173) Gij =
∂2ψ∨
∂y∨i ∂y
∨
j
=
∂2φ
∂y∨i ∂y
∨
j
.
Proof. We start with:
ψ =
n∑
j=1
yjy
∨
j − ψ∨
and take ∂∂yi on both sides to get:
∂ψ
∂yi
= y∨i +
n∑
j=1
yj
∂y∨j
∂yi
−
n∑
j=1
∂ψ∨
∂y∨j
∂y∨j
∂yi
=
∂ψ
∂yi
+
n∑
j=1
(
yj − ∂ψ
∨
∂y∨j
)
· ∂
2ψ
∂yi∂yj
.
Hence
n∑
j=1
(
yj − ∂ψ
∨
∂y∨j
)
· ∂
2ψ
∂yi∂yj
= 0.
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Since the matrix ( ∂
2ψ
∂yi∂yj
)i,j=1,...,n is invertible, we have:
(174) yj =
∂ψ∨
∂y∨j
.
Take ∂∂y∨
i
on both sides:
∂yj
∂y∨i
=
∂2ψ∨
∂y∨i ∂y
∨
j
.
In other words, the matrix ( ∂
2ψ∨
∂y∨
i
∂y∨
j
)i,j=1,...,n is the matrix (
∂yj
∂y∨
i
)i,j=1,...,n, hence it
is the inverse matrix of (
∂y∨i
∂yj
)i,j=1,...,n = (
∂2ψ
∂yi∂yj
)i,j=1,...,n, 
6.7. SYZ mirror construction. Inspired by the Strominger-Yau-Zaslow [45] con-
struction, introduce:
(175) g∨ =
n∑
i,j=1
(
∂2ψ∨
∂y∨i ∂y
∨
j
dy∨i dy
∨
j +
∂2ψ
∂yi∂yj
dθ∨i dθ
∨
j
)
.
Since we have:
(176)
n∑
i,j=1
∂2ψ
∂yi∂yj
dyidyj =
n∑
i,j=1
∂2ψ∨
∂y∨i ∂y
∨
j
dy∨i dy
∨
j ,
therefore,
(177) g∨ =
n∑
i,j=1
(
∂2ψ
∂yi∂yj
dyidyj +
∂2ψ
∂yi∂yj
dθ∨i dθ
∨
j
)
.
This has Ka¨hler potential ψ and complex potential ψ∨. And one can check that
(178) ω∨ =
n∑
i=1
dy∨i ∧ dθ∨i .
6.8. Ricci form in symplectic coordinates. It is not hard to see that
(179)
ωn
n!
=
√−1ny′(u)(y(u)
u
)n−1 n∏
i=1
dzi ∧ dz¯i.
Indeed, because of the U(n)-symmetry one can restrict to the z1-axis, where the
Ka¨hler form can be written as:
(180) ω =
√−1(y′(u)dz1 ∧ dz¯1 + y(u)
u
n∑
i=2
dzi ∧ dz¯i).
Now if ω is nondegenerate, by (179), the Ricci form is given by
(181) ρ = −√−1∂∂¯Φ(u),
where
(182) Φ = log
[
y′(u)
(y(u)
u
)n−1]
.
Similar to (150), one has:
(183) ρ = −2Φ′(u)
n∑
i=1
ridri ∧ dθi − 2Φ′′(u)
n∑
i=1
ridri ∧
n∑
j=1
r2jdθj .
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Comparing (183) with (150) it is clear that ρ = λω for some constant λ if and only
if
(184) Φ′(u) = −λφ′(u).
This equation can be solved by quadrature [13]:
(185)
∫
yn−1dy
−λ
n+1y
n+1 + yn + C1
= lnu.
Proposition 6.1. The Ricci form ρ can be expressed in symplectic coordinates by
the following formula:
(186) ρ = −
n∑
i=1
d
(
uΦ′(u)
y
· yi
)
∧ dθi.
Proof. Similar to the computations for the Riemannian metric we have:
ρ = −Φ′(u)
n∑
i=1
yi
φ′(u)
(
dyi
yi
− φ
′′(u)
φ′(u)
du
)
∧ dθi
− Φ′′(u) y
φ′(u)
(
dy
y
− φ
′′(u)
φ′(u)
du
)
∧
n∑
j=1
yj
φ′(u)
dθj
= −Φ′(u)
n∑
i=1
uyi
y
(
dyi
yi
−
(
1
y
− 1
u
du
dy
)
dy
)
∧ dθi
− Φ′′(u)u
(
dy
y
−
(
1
y
− 1
u
du
dy
)
dy
)
∧
n∑
j=1
uyj
y
dθj
= −uΦ
′(u)
y
n∑
i=1
dyi ∧ dθi +
(
uΦ′(u)
y2
− Φ
′(u) + uΦ′′(u)
y
du
dy
)
dy ∧
n∑
i=1
dθi
= −
n∑
i=1
d
(
uΦ′(u)
y
· yi
)
∧ dθi.

Note we have:
uΦ′(u)
y
=
u
y
dΦ(u)
dy
du
dy
=
u
y dudy
d
dy
log
[ 1
du
dy
(y(u)
u
)n−1]
= −
u du
2
dy2
y
(
du
dy
)2 + (n− 1)uy2 dudy −
n− 1
y
.
6.9. A special Ka¨hler-Ricci flow. Consider Ka¨hler-Ricci flow of the form
(187)
d
dt
ω = ρ+ λ · ω,
where λ is some constant. Since in our case we have
(188) ω =
√−1∂∂¯φ(u),
(189) ρ = −√−1∂∂¯Φ(u),
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one can consider the following flow in the space of Ka¨hler potentials:
(190)
d
dt
φ = −(Φ + λφ+ C1).
By (182) this is just:
(191)
d
dt
φ = −(log [(φ′ + uφ′′)(φ′)n−1]+ λφ+ C1).
6.10. Scalar curvature. The scalar curvature R of ω is given by:
(192) ρ ∧ ωn−1 = Rωn.
By (152) and (186), one gets:
(193) R = − 1
n
n∑
i=1
∂
∂yi
(
uΦ′(u)
y
· yi
)
.
From this one can derive other formula for the scalar curvature in the literature.
First of all, the right-hand side of this formula can be rewritten as follows:
(194) nR = −y d
dy
(
uΦ′(u)
y
)
− nuΦ
′(u)
y
.
This was derived in [14] in the following way. Along the z1-axis we have
(195) ρ = −√−1((uΦ′(u))′dz1 ∧ dz¯1 +Φ′(u)
n∑
i=2
dzi ∧ dz¯i).
By (180), (179) and (195), we get
(uΦ′)′
(y
u
)n−1
+ (n− 1)Φ′(y
u
)n−2
y′ = −nRy′(y
u
)n−1
.
This equation can be integrated to get the following:
Proposition 6.2. ([14]) A pseudo-Ka¨hler form as in (149) has a constant scalar
curvature R if and only if
(196)
∫
yn−1dy
− Rn+1yn+1 + yn + C1y + C2
= lnu.
By the definition of Φ,
(197) Φ = log
[
y′(u)
(y(u)
u
)n−1]
.
we get
(198) Φ′(u) =
y′′(u)
y′(u)
+ (n− 1)y
′(u)
y(u)
− n− 1
u
.
The right-hand side can be rewritten as a function in y:
(199) Φ′(u) = −
d2u
dy2(
du
dy
)2 + n− 1y dudy −
n− 1
u
.
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It follows that:
R =− du
dy
Φ′(u)− u d
dy
Φ′(u)− (n− 1)uΦ
′(u)
y
=
∂2u
∂y2
du
dy
+
(n− 1)(n− 2)
y
+
2(n− 1)u∂2u∂y2
(dudy )
2y
− (n− 2)(n− 1)u
y2 dudy
+
u d
3u
dy3(
du
dy
)2 − 2u
(
d2u
dy2
)2
(
du
dy
)3 .
(200)
Now we generalize Abreu’s formula [1, 12] in the compact case to the situation
of this Section:
Proposition 6.3. For the Ka¨hler metric considered in this Section, the formulas
for scalar curvature hold:
(201) R = −
n∑
i,j=1
∂2Gij
∂yi∂yj
= −
n∑
i,j=1
∂4φ
∂y2i ∂y
2
j
.
Proof. To prove the first equality, recall that
Gij = yiδij +
(
u
y2 dudy
− 1
y
)
yiyj.
Hence we have:
n∑
i=1
∂Gij
∂yi
=
n∑
i=1
[
δij +
(
u
y2 dudy
− 1
y
)
(yj + δijyi)
+
( du
dy
y2 dudy
− 2u
y3 dudy
− u
y2(dudy )
2
d2u
dy2
+
1
y2
)
yiyj
]
= 1+ (n+ 1)
(
u
y2 dudy
− 1
y
)
yj +
(
2
y
− 2u
y2 dudy
− u
y(dudy )
2
d2u
dy2
)
yj
= 1+
(
−n− 1
y
+
(n− 1)u
y2 dudy
− u
y(dudy )
2
d2u
dy2
)
yj .
Furthermore,
−
n∑
i,j=1
∂2Gij
∂yi∂yj
= −
n∑
j=1
[(
−n− 1
y
+
(n− 1)u
y2 dudy
− u
y(dudy )
2
d2u
dy2
)
+
(
n− 1
y2
+
(n− 1)dudy
y2 dudy
− 2(n− 1)u
y3 dudy
− (n− 1)u
y2(dudy )
2
d2u
dy2
−
du
dy
y(dudy )
2
d2u
dy2
+
u
y2(dudy )
2
d2u
dy2
+
2u
y(dudy )
3
(
d2u
dy2
)2
− u
y(dudy )
2
d3u
dy3
)
yj
]
=
(n− 1)(n− 2)
y
− (n− 1)(n− 2)u
y2 dudy
+
2(n− 1)u
y(dudy )
2
d2u
dy2
+
d2u
dy2
(dudy )
2
− 2u
(dudy )
3
(
d2u
dy2
)2
+
u
(dudy )
2
d3u
dy3
.
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The right-hand side of the last equality equals to R by (200). This proves the first
equation in (201), and the second equation follows from (173). 
6.11. Derivations of Ricci curvature and scalar curvature in Hessian ge-
ometry. In §6.8 and §6.10 we have derived formulas for Ricci curvature and the
scalar curvature, respectively, in the context of U(n)-symmetric Ka¨hler metrics. In
this Subsection, we will derive the corresponding formulas in the context of Hessian
geometry.
Suppose that ψ is a convex function on a domain Ω ⊂ Rn endowed with linear
coordinates {yi}. Introduce the dual local coordinates y∨i by
(202) y∨i =
∂ψ
∂yi
,
and introduce a dual potential function:
(203) ψ∨ =
n∑
i=1
yi
∂ψ
∂yi
− ψ.
Define a Riemannian metric g by:
(204) g =
1
2
n∑
i,j=1
Gijdyidyj + 2
n∑
i,j=1
Gijdθidθj .
where the coefficients are defined by:
Gij =
∂2ψ
∂yi∂yj
, Gij =
∂2ψ∨
∂y∨i ∂y
∨
j
.(205)
One can check that the matrices (Gij) and (G
ij) are inverse to each other, and
(206) g = 2
n∑
i,j=1
Gij(
1
4
dy∨i dy
∨
j + dθidθj).
Introduce complex coordinates wi:
(207) wi =
1
2
y∨i +
√−1θi.
Then g is a Ka¨hler metric with Ka¨hler form:
(208) ω =
√−1
n∑
i,j=1
Gijdwi ∧ dw¯j =
√−1
n∑
i,j=1
∂2ψ∨
∂y∨i ∂y
∨
j
dwi ∧ dw¯j .
Since
∂
∂wi
=
1
2
(
2
∂
∂y∨i
−√−1 ∂
∂θi
)
,
∂
∂w¯i
=
1
2
(
2
∂
∂y∨i
+
√−1 ∂
∂θi
)
,(209)
we have
(210) ω =
√−1
n∑
i,j=1
∂2ψ∨
∂wi∂w¯j
dwi ∧ dw¯j .
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Therefore, its Ricci form
ρ =−√−1
n∑
i,j=1
∂2 log det(Gij)
∂wi∂w¯j
dwi ∧ dw¯j
=−√−1
n∑
i,j=1
∂2 log det(Gij)
∂y∨i ∂y
∨
j
dwi ∧ dw¯j .
(211)
The scalar curvature R is then
(212) R = −√−1
n∑
i,j=1
Gij
∂2 log det(Gij)
∂y∨i ∂y
∨
j
.
By the computations in Abreu [1],
(213) R = −
n∑
i,j=1
∂2Gij
∂yi∂yj
.
6.12. Ka¨hler-Ricci flow in Hessian geometry.
One can consider Ka¨hler-Ricci flow of the form (187) with ω and ρ given by
(208) and (211). This leads us to the following flow:
(214)
d
dt
ψ∨ = − log det
(
∂2ψ∨
∂y∨i ∂y
∨
j
)
+ λψ∨.
Dually, one can consider the flow for the complex potential:
(215)
d
dt
ψ = − log det
(
∂2ψ
∂yi∂yj
)
+ λψ.
7. The Case of U(n)-Symmetric Ka¨ler Ricci-Flat Metrics
In this Section we apply the results developed in last Section to the case of some
U(n)-symmetric Ka¨hler Ricci-flat metrics on OPn−1(−n) (see e.g Duan-Zhou [13]).
We will first work on Cn − {0}, then consider the extension from (Cn − {0})/Zn.
When n = 2, one recovers the Kepler metric on K2 and the Eguchi-Hanson metric.
7.1. U(n)-symmetric Ka¨hler Ricci-flat metrics. If λ = 0 i.e. ρ = 0 in (185)
then we get:
(216) y(u)n = C3u
n + C4
for some constants C3, C4. When C3 = 1 and C4 > 0, write C4 = b
n for some b > 0,
then we have y(u) = (un + bn)1/n and so the Ka¨hler potential is given by:
φ(u) =
∫
(un + bn)1/n
u
du.
It satisfies
φ′(u) =
(un + bn)1/n
u
, φ′′(u) = − b
n
u2(un + bn)(n−1)/n
,(217)
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and so the Ka¨hler form is given by:
ω =
√−1(φ′(u)∂∂¯u+ φ′′(u)∂u ∧ ∂¯u)
=
√−1
(
(un + bn)1/n
u
(dz1 ∧ dz¯1 + · · ·+ dzn ∧ dz¯n)
− b
n
u2(un + bn)(n−1)/n
(z¯1dz1 + · · ·+ z¯ndzn) ∧ (z1dz¯1 + · · ·+ zndz¯n)
)
.
When b→ 0, we recover the flat metric on Cn:
ω =
√−1
n∑
i=1
dzi ∧ dz¯i.
By (151) and (217), the moment map of the diagonal torus subgroup of U(n) is
given by
(218) (y1, . . . , yn) =
(
|z1|2 (u
n + bn)1/n
u
, . . . , |zn|2 (u
n + bn)1/n
u
)
.
The image of the moment map is the convex body:
(219) {(y1, . . . , yn) ∈ Rn | yj ≥ 0, j = 1, . . . , n, y1 + · · ·+ yn ≥ b}.
When b > 0, the convex body has n vertex points. When b = 0, the convex body
is a simplex.
By (154) and (217), we now have
(220) y = (un + bn)1/n,
and so
(221) u = (yn − bn)1/n.
Hence by (157),
(222) φ =
∫
yn
yn − bn dy =
b
n
n−1∑
j=0
ξjn ln(y − ξjnb) + C.
And by (166), the complex potential is:
(223) ψ =
n∑
i=1
yi(ln yi − 1)− y(ln y − 1) + 1
n
n−1∑
j=0
(y − bξjn)(log(y − bξjn)− 1)− C.
It is interesting to compare this formula with the formula of Guillemin [18] in the
case of compact toric manifolds.
The dual local coordinates y∨i are then
(224) y∨i =
∂ψ
∂yi
= ln yi − ln y + 1
n
n−1∑
j=0
log(y − bξjn) = ln
yi(y
n − bn)1/n
y
,
and from this we find:
(225) y =
(( n∑
j=1
ey
∨
j
)n
+ bn
)1/n
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and
(226) yi =
ey
∨
i∑n
j=1 e
y∨
j
(( n∑
j=1
ey
∨
j
)n
+ bn
)1/n
.
It follows that ψ∨ = φ can be written in terms of y∨i as follows:
(227) ψ∨ =
b
n
n−1∑
j=0
ξjn ln
((( n∑
i=1
ey
∨
i
)n
+ bn
)1/n
− ξjnb
)
+ C.
One checks that
∂ψ∨
∂y∨k
=
b
n
n−1∑
j=0
ξjn
((∑n
i=1 e
y∨i
)n
+ bn
)1/n−1(∑n
i=1 e
y∨i
)n−1
ey
∨
k
((∑n
i=1 e
y∨
i
)n
+ bn
)1/n
− ξjnb
=
b
n
n−1∑
j=0
ξjn
y−(n−1)
(∑n
i=1 e
y∨i
)n−1
ey
∨
k
y − ξjnb
= y−(n−1)
( n∑
i=1
ey
∨
i
)n−1
ey
∨
k · y
n
yn − bn
=
ey
∨
k∑n
j=1 e
y∨
j
(( n∑
j=1
ey
∨
j
)n
+ bn
)1/n
= yk.
By Theorem 6.1 and Theorem 6.2, the Riemannian metric g takes the following
form:
g =
n∑
i,j=1
(
1
2
Gijdyidyj + 2G
ijdθidθj)
=
1
2
n∑
i,j=1
∂2ψ
∂yi∂yj
dyidyj + 2
n∑
i,j=1
∂2ψ∨
∂y∨i ∂y
∨
j
dθidθj ,
where the coefficients Gij and G
ij are now given by:
Gij =
δij
yi
− 1
y
+
yn−1
yn − bn =
δij
yi
+
bn
y(yn − bn) ,
Gij = yiδij +
(
yn − bn
yn+1
− 1
y
)
yiyj = yiδij − b
n
yn+1
yiyj .
Their determinants are
det(Gij) =
yn
y1 · · · yn(yn − bn) ,
det(Gij) =
y1 · · · yn(yn − bn)
yn
= exp(y∨1 + · · ·+ y∨n ).
By (211), the Ricci form for g is
ρ = −√−1
n∑
i,j=1
∂2
∂y∨i ∂y
∨
j
(y∨1 + · · ·+ y∨n ) · dwi ∧ dw¯j = 0.
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Let g∨ be the metric defined by:
g∨ =
n∑
i,j=1
(
∂2ψ∨
∂y∨i ∂y
∨
j
dy∨i dy
∨
j +
∂2ψ
∂yi∂yj
dθ∨i dθ
∨
j
)
.
Then its Ricci form is
ρ∨ = −√−1
n∑
i,j=1
∂2
∂yi∂yj
log
yn
y1 · · · yn(yn − bn) · dwi ∧ dw¯j .
Clearly, g∨ is not Ricci-flat. To make g∨ Ricci-flat in the literature of SYZ Con-
jecture it was proposed to quantum correct the complex structure J∨ (see e.g.
[2, 10]).
7.2. Quotient by Zn. The above family of metrics on C
n−{0} is invariant under
the Z/nZ-action:
(z1, . . . , zn) 7→ (e2pii/nz1, . . . , e2pii/nzn).
Since the quotient space (Cn − {0})/(Z/nZ) can be identified with OPn−1(−n) −
Pn−1, one obtains a family of Ka¨hler Ricci-flat metrics on the latter space. To get
explicit expressions, make the following change of variables:
z1 = v1/n, z2 = v1/nw2, . . . zn = v1/nwn.(228)
Equivalently,
v = (z1)n, w2 =
z2
z1
, · · · wn = z
n
z1
.(229)
Then ω becomes
ωˆb =
√−1
(
(1 + |w|2)n
n2(|v|2(1 + |w|2)n + bn)(n−1)/n dv ∧ dv¯
+
n∑
i=2
v¯wi(1 + |w|2)n−1
n(|v|2(1 + |w|2)n + bn)(n−1)/n dv ∧ dw¯
i
−
n∑
i=2
vw¯i(1 + |w|2)n−1
n(|v|2(1 + |w|2)n + bn)(n−1)/n dv¯ ∧ dw
i
+
(|v|2(1 + |w|2)n + bn)1/n
(1 + |w|2)
n∑
i=2
dwi ∧ dw¯i
− b
n
(1 + |w|2)2(|v|2(1 + |w|2)n + bn)(n−1)/n
n∑
i=2
w¯idwi ∧
n∑
j=2
wjdw¯j
)
.
When b > 0, ωˆb defines a Ka¨hler metric on the total space of the bundle OPn−1(−n).
This family of metrics is the Calabi metrics [8] on OPn−1(−n). It is well-known that
when n = 2, this is the Eguchi-Hanson metric [15]. We will also explicitly check
this in §8.
When b→ 0, ωˆb becomes:
ωˆ0 =
√−1
(
(1 + |w|2)
n2|v|2(n−1)/n dv ∧ dv¯ +
n∑
i=2
v¯wi
n|v|2(n−1)/n dv ∧ dw¯
i
−
n∑
i=2
vw¯i
n|v|2(n−1)/n dv¯ ∧ dw
i + |v|2/n
n∑
i=2
dwi ∧ dw¯i
)
.
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When OPn−1(−n) is blown down to Cn/Zn, ωˆ0 is transformed to the orbifold flat
Ka¨hler metric.
Let T ⊂ U(n) be the group of diagonal n×n unitary matrices. It acts naturally
on Cn:
(eiθ1 , . . . , eiθn) · (z1, . . . , zn) = (eiθ1z1, . . . , eiθnzn).
This action induces an action on OPn−1(−n), in local coordinates (v, w2, . . . , wn),
it is given by:
(eiθ1 , . . . , eiθn) · (v, w2 . . . , wn) = (eniθ1v, ei(θ2−θ1)w2, . . . , ei(θn−θ1)wn).
Make the following change of coordinates:
α1 = nθ1,
αj = θj − θ1, j = 2, . . . , n.
This suggests a different torus action, defined in local coordinates (v, w2, . . . , wn)
by:
(eiα1 , . . . , eiαn) · (v, w2 . . . , wn) = (eiα1v, eiα2w2, . . . , eiαnwn).
It has the following moment map:
(x1, . . . , xn) = (ny1, y2 − y1, . . . , yn − yn),
whose image is
(230) x1 ≥ 0, xj + 1
n
x1 ≥ 0, j = 2, . . . , n, x1 + · · ·+ xn ≥ a.
Denote by x∨i the dual coordinates:
(231) x∨i =
∂ψ
∂xi
.
Then we have
(232) x∨1 =
1
n
n∑
i=1
y∨i , x
∨
j = y
∨
j , j = 2, . . . , n.
8. Kepler Metric on K2 and Eguchi-Hanson Metrics by Calabi Ansatz
In this Section we will rederive the Kepler metric on K2 and the Eguchi-Hanson
metric by applying Calabi Ansatz on OP1(−2). This will lead us to a discussion of
the Kepler metric on K3 in the next two Sections.
8.1. Calabi Ansatz on OP1(−1). Consider local coordinates (z, w), (z˜, w˜) on
OP1(−1) related to each other by:
z˜ =
1
z
, w˜ = zw,
z =
1
z˜
, w = z˜w˜.
Define an Hermitian metric on OP1(−1) by
(233) u = r2 = |w|2(1 + |z|2).
Consider a Ka¨hler metric of the form:
(234) ω = aπ∗ωP1 +
√−1∂∂¯φ(u) = √−1a∂∂¯ log(1 + |z|2) +√−1∂∂¯φ(u).
ON GEOMETRY AND SYMMETRY OF KEPLER SYSTEMS. I. 41
By a computation similar to that in §6, we have
ω =
√−1
{
1
(1 + |z|2)2 (a+ y + u|z|
2y′)dz ∧ dz¯
+ y′z¯w · dz ∧ dw¯ + y′zw¯ · dw ∧ dz¯ + y′ · (1 + |z|2)dw ∧ dw¯
}
,
where y(u) = uφ′(u). It follows that
Φ =
ω2/2!
(
√−1)2dz ∧ dz¯ ∧ dw ∧ dw¯
=
1
1 + |z|2
(
a+ y + u|z|2y′
)
· y′ − u|z|
2
1 + |z|2
(
y′
)2
=
(a+ y)y′
1 + |z|2 .
Since we have
∂∂¯ logΦ = − dz ∧ dz¯
(1 + |z|2)2 +
y′′
y′
∂∂¯u+
y′y′′′ − (y′′)2
(y′)2
∂u ∧ ∂¯u
+
y′
a+ y
∂∂¯u+
y′′(a+ y)− (y′)2
(a+ y)2
∂u ∧ ∂¯u
= − dz ∧ dz¯
(1 + |z|2)2
+ (log((a+ y)y′))′ · (|w|2dz ∧ dz¯ + zw¯dw ∧ dz¯ + z¯wdz ∧ dw¯ + (1 + |z|2)dw ∧ dw¯)
+ (log((a+ y)y′))′′ · (|w|4|z|2dz ∧ dz¯ + uz¯wdz ∧ dw¯ + uzw¯dw ∧ dz¯ + u(1 + |z|2)dw ∧ dw¯),
to get a Ka¨hler Ricci-flat metric, we need all the coefficients of ∂∂¯Φ to vanish. It
suffices to solve the following system of two equations:
− 1
(1 + |z|2)2 + (log((a+ y)y
′))′ · |w|2 + (log((a+ y)y′))′′ · |w|4|z|2 = 0,
(log((a+ y)y′))′ + (log((a+ y)y′))′′ · u = 0.
From the second equation
(235) (log((a+ y)y′))′ · u = c,
plug this into the first equation:
− 1
(1 + |z|2)2 +
c|w|2
u
− c · |w|
4|z|2
u2
= 0, .
From this one gets c = 1, and so
(236) (log(y′(a+ y)))′ =
1
u
,
hence we can follow the following steps to get the solutions:
(237) (a+ y)y′ = C1u,
(238) y = −a±
√
C1u2 + C2,
(239) φ(u) =
∫ −a±√C1u2 + C2
u
du.
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We will take the plus sign and set C1 = 1, C2 = b
2. Then the Ka¨hler form becomes:
ω =
√−1
{
1
(1 + |z|2)2
(√
u2 + b2 + u|z|2 · u√
u2 + b2
)
dz ∧ dz¯
+
u√
u2 + b2
z¯w · dz ∧ dw¯ + u√
u2 + b2
zw¯ · dw ∧ dz¯
+
u√
u2 + b2
· (1 + |z|2)dw ∧ dw¯
}
.
This metric degenerate along the zero section on OP1(−1), so we shift to OP1(−1).
This can be achieved by taking
v = w2, v˜ = w˜2.
Then the Ka¨hler form becomes:
ω =
√−1
{
1
(1 + |z|2)2
(√
|v|2(1 + |z|2)2 + b2 + |v|
2(1 + |z|2)2|z|2√
|v|2(1 + |z|2)2 + b2
)
dz ∧ dz¯
+
(1 + |z|2)√
|v|2(1 + |z|2)2 + b2 z¯v · dz ∧ dv¯ +
(1 + |z|2)√
|v|2(1 + |z|2)2 + b2 zv¯ · dv ∧ dz¯
+
(1 + |z|2)2
4
√
|v|2(1 + |z|2)2 + b2 · dv ∧ dv¯
}
.
This matches with the metric ωˆb for n = 2 in §7.2.
8.2. Polar coordinates. Use the stereographic projection to get:
x0 =
1− |z|2
|z|2 + 1 , x
1 +
√−1x2 = 2z|z|2 + 1 ,(240)
and
(241) z =
x1 +
√−1x2
x0 + 1
.
In terms of the Euler angles,
x0 = cos θ, x1 = sin θ cosϕ, x2 = sin θ sinϕ.(242)
It follows that
(243) z = eiϕ tan(
θ
2
),
and so we can find from
(244) 1 + |z|2 = 1
cos2( θ2 )
,
and
(245) dz = ieiφ tan(
θ
2
)dφ+
1
2
eiφ
cos2( θ2 )
dθ
the following formula:
(246)
|dz|2
(|z|2 + 1)2 =
1
4
(dθ2 + sin2 θdφ2).
Let
(247) w = r cos(
θ
2
) · eiβ.
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Its differential is given by:
(248) dw = r cos(
θ1
2
) · eiβ(dr
r
− 1
2
tan(
θ
2
)dθ + idβ).
Now the Riemannian metric associated to (234) is given by:
g =
1
(1 + |z|2)2
(
a+ y(u) + |z|2uy′(u)
)
|dz|2
+ 2(1 + |z|2)y′(u) · ℜ(w¯zdwdz¯)
+ y′(u) · u|w|2 · |dw|
2.
It can be rewritten as:
(249) g =
a+ y(u)
(1 + |z|2)2 |dz|
2 + uy′(u) · |γ|2,
where
(250) γ =
z¯
1 + |z|2dz +
w¯
|w|2 dw.
It is easy to find
(251) γ =
dr
r
+ i(dβ + sin2(
θ
2
)dϕ),
so we get:
g = y′(u)dr2 +
1
4
(
a+ y(u)
)
(dθ2 + sin2 θdϕ2) + r2y′(u) · (dβ + sin2(θ
2
)dϕ)2.
When
(252) y = −a+
√
u2 + b2,
the metric is
g =
r2√
r4 + b2
dr2 +
√
r4 + b2
4
(dθ2 + sin2 θdϕ2) +
r4√
r4 + b2
· (dβ + sin2(θ
2
)dϕ)2.
Let ψ = 2β − ϕ, one can rewrite it as
g =
r2√
r4 + b2
dr2 +
√
r4 + b2
4
(dθ2 + sin2 θdϕ2) +
r4
4
√
r4 + b2
· (dψ + cos θdϕ)2.
Finally, letting s = (r4 + b2)1/4,
(253) g =
(
1− b
2
s4
)−1
+
s2
4
(
1− b
2
s4
)
(dψ + cos θdϕ)2 +
s2
4
(dθ2 + sin2 θdϕ2).
This is the standard form of the Euguchi-Hanson metric [15].
When b = 0,
(254) g = dr2 +
r2
4
((dθ2 + sin2 θdϕ2) + (dψ + cos θdϕ)2).
This recovers the Kepler metric on K2, and its shows that the standard metric on
RP
3 up to a constant is a Sasaki-Einstein metric.
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9. Kepler Metric on 3-Conifold and Related Metrics by Calabi
Ansatz on OP1(−1)⊕OP1(−1)
In this Section we will study the Kepler metric on K3 and some related metrics
from the point of view of both §8 and §6.
9.1. Calabi Ansatz on OP1(−1)⊕OP1(−1). Consider local coordinates (z, w1, w2)
and (z˜, w˜1, w˜2) on the total space of the rank two vector bundle OP1(−1)⊕OP1(−1)
related to each other by the following formulas:
z˜ =
1
z
, w˜j = zwj ,
z =
1
z˜
, wj = z˜w˜j .
Define an Hermitian metric by setting the Hermitian norm square of the element
in the vector bundle with local coordinate (z, w1, w2) to be:
(255) u = r2 = |w|2(1 + |z|2),
where |w|2 = ∑2j=1 |wj |2. As a special case of a construction of Calabi [8], we
consider Ka¨hler metrics of the form:
ωa = aπ
∗ωP1 +
√−1∂∂¯φ(u)
=
√−1 adz ∧ dz¯
(1 + |z|2)2 +
√−1φ′(u) · ∂∂¯u+√−1φ′′(u) · ∂u ∧ ∂¯u,(256)
where φ is a suitable function in u. Since we have
∂u = |w|2z¯dz + (1 + |z|2)
2∑
j=1
w¯jdwj ,
∂¯u = |w|2zdz¯ + (1 + |z|2)
2∑
j=1
wjdw¯j ,
∂u ∧ ∂¯u = |w|4|z|2dz ∧ dz¯ + u
2∑
j=1
z¯wjdz ∧ dw¯j + u
2∑
j=1
zw¯jdwj ∧ dz¯
+ (1 + |z|2)2
∑
j,k
w¯jwkdwj ∧ dw¯k,
∂∂¯u = |w|2dz ∧ dz¯ +
2∑
j=1
zw¯jdwj ∧ dz¯ +
2∑
j=1
z¯wjdz ∧ dw¯j
+
2∑
j=1
(1 + |z|2)dwj ∧ dw¯j ,
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one has:
ωa =
√−1
{(
a
(1 + |z|2)2 + φ
′(u) · |w|2 + φ′′(u) · |w|4|z|2
)
dz ∧ dz¯
+
2∑
j=1
(
φ′(u) + uφ′′(u)
)(
z¯wj · dz ∧ dw¯j + zw¯j · dwj ∧ dz¯
)
+
2∑
j,k=1
(
φ′(u) · (1 + |z|2)δjk + φ′′(u) · (1 + |z|2)2w¯jwk
)
dwj ∧ dw¯k
}
.
(257)
9.2. Symplectic coordinates. Similar to (152) we have:
Proposition 9.1. Let z = r0e
√−1θ0 , wi = rie
√−1θi , then
(258) ωa =
2∑
j=0
dyj ∧ dθj ,
where y0, y1, y2 are defined by:
y0 = − a
1 + r20
+ r20(r
2
1 + r
2
2) · φ′((1 + r20)(r21 + r22)),(259)
yj = r
2
j (1 + r
2
0) · φ′((1 + r20)(r21 + r22)), j = 1, 2.(260)
Proof. We first check that:
ωa =
[
2ar0dr0
(1 + r20)
2
+ 2φ′(u) ·
(
(r21 + r
2
2)r0dr0 +
2∑
j=1
r20rjdrj
)
+ 2φ′′(u) ·
(
(r21 + r
2
2)
2r30dr0 + (1 + r
2
0)(r
2
1 + r
2
2)r
2
0
2∑
j=1
rjdrj
)]
∧ dθ0
+
2∑
j=1
[
2φ′(u) ·
(
r2j r0dr0 + (1 + r
2
0)rjdrj
)
+ 2φ′′(u) ·
(
(1 + r20)(r
2
1 + r
2
2)r
2
j r0dr0 + (1 + r
2
0)
2
2∑
k=1
r2j rkdrk
)]
∧ dθj .
From this the Proposition can be easily checked. 
Define a T 3-action by
(t0, t1, t2) · (z, w1, w2) = (t0z, t1w1, t2w2),
(t0, t1, t2) · (z˜, w˜1, w˜2) = (t−10 z˜, t0t1w˜1, t0t2w˜2).
They are generated by the following holomorphic vector fields:
X0 = z
∂
∂z
= −z˜ ∂
∂z˜
+ w1
∂
∂w1
+ w2
∂
∂w2
,
X1 = w1
∂
∂w1
= w˜1
∂
∂w˜1
,
X2 = w2
∂
∂w2
= w˜2
∂
∂w˜2
.
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One can check that
(261) iXjωa =
√−1∂¯yj ,
for j = 0, 1, 2.
9.3. Ka¨hler potential in symplectic coordinates. Let
(262) y := y1 + y2.
By (260) it is clear that:
(263) y = u · φ′(u).
Then one can generalize §6.3 almost verbatim.
9.4. Riemannian metric in symplectic coordinates. The Riemannian metric
ga associated with ωa can be explicitly written down as follows:
ga =
2a(dr20 + r
2
0dθ
2
0)
(1 + r20)
2
+ 2φ′(u) ·
(
(r21 + r
2
2)(dr
2
0 + r
2
0dθ
2
0)
+ 2
2∑
j=1
r0rj(dr0drj + r0dθ0rjdθj) +
2∑
j=1
(1 + r20)(dr
2
j + r
2
jdθ
2
j )
)
+ 2φ′′(u) ·
(
(r21 + r
2
2)
2r20(dr
2
0 + r
2
0dθ
2
0)
+ 2(1 + r20)(r
2
1 + r
2
2)
2∑
j=1
r0rj(drjdr0 + rjdθjr0dθ0)
+ (1 + r20)
2
2∑
j,k=1
rjrk(drjdrk + rjrkdθjdθk)
)
.
Theorem 9.1. In symplectic coordinates the Riemannian metric ga takes the fol-
lowing form:
(264) ga =
n∑
i,j=1
(
1
2
Gijdyidyj + 2G
ijdθidθj),
where the coefficients Gij and G
ij will be given in the proof. Furthermore, the
matrices (Gij) and (G
ij) are inverse to each other.
Proof. We separate the terms with dri’s and those with dθj ’s in the above expression
for ga to get:
(265) ga = g
r
a + g
θ
a,
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where gra and g
θ
a are given by:
gra =
2adr20
(1 + r20)
2
+ 2φ′(u) ·
(
(r21 + r
2
2)dr
2
0 + 2
2∑
j=1
r0rjdr0drj +
2∑
j=1
(1 + r20)dr
2
j
)
+ 2φ′′(u) ·
(
(r21 + r
2
2)r0dr0 + (1 + r
2
0)
2∑
j=1
rjdrj
)2
,
gθa =
2ar20dθ
2
0
(1 + r20)
2
+ 2φ′(u) ·
(
(r21 + r
2
2)r
2
0dθ
2
0 + 2
2∑
j=1
r20dθ0r
2
jdθj +
2∑
j=1
(1 + r20)r
2
jdθ
2
j
)
+ 2φ′′(u) ·
(
(r21 + r
2
2)r
2
0dθ0 + (1 + r
2
0)
2∑
j=1
r2jdθj
)2
.
From (259) and (260) one can get:
r0 =
√
y0 + a
y1 + y2 − y0 ,(266)
rj =
√
yj(y1 + y2 − y0)
φ′(u) · (y1 + y2 + a) , j = 1, 2.(267)
With these identities one can compute gra and g
θ
a. For g
θ
a we first get:
gθa = 2
(
a(y − y0)(y0 + a)
(y + a)2
+
(y0 + a)y
y + a
+
φ′′(u)
φ′(u)2
·
(
(y0 + a)y
y + a
)2)
dθ20
+ 4
2∑
j=1
(
(y0 + a)yj
y + a
+
φ′′(u)
φ′(u)2
· (y0 + a)yyj
y + a
)
dθ0dθj
+ 2
2∑
j=1
yjdθ
2
j + 2
φ′′(u)
φ′(u)2
·
( 2∑
j=1
yjdθj
)2
.
We also have
φ′(u) =
y
u
,(268)
φ′′(u)
φ′(u)2
=
u
y2 dudy
− 1
y
,(269)
so we get:
gθa = 2
(
(y − y0)(y0 + a)
y + a
+
(y0 + a)
2
(y + a)2
u
du
dy
)
dθ20 + 4
2∑
j=1
(y0 + a)yj
y(y + a)
u
du
dy
dθ0dθj
+ 2
2∑
j,k=1
(−1)j+k y1y2
y
dθjdθk + 2
u
y2 dudy
·
( 2∑
j=1
yjdθj
)2
= 2
∑
j,k
Gjkdθjdθk.
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Denote by (Gjk) the inverse matrix of (G
jk). By a computation we have found the
following remarkably simple expressions for Gjk:
G00 =
1
y0 + a
+
1
y − y0 =
y + a
(y0 + a)(y − y0) ,
G01 = G10 = G02 = G20 = − 1
y − y0 ,
G11 =
du
dy
u
+
1
y − y0 −
1
y
− 1
y + a
+
1
y1
,
G22 =
du
dy
u
+
1
y − y0 −
1
y
− 1
y + a
+
1
y2
,
G12 = G21 =
du
dy
u
+
1
y − y0 −
1
y
− 1
y + a
.
It is clear that
(270) g + ar = 2
2∑
i,j=0
Gijd log ri · d log rj .
By a long and tedious computation we check that:
(271) gra =
1
2
2∑
j,k=0
Gjkdyjdyk.
This completes the proof. 
9.5. Hessian geometry. Now as in §6 we are in the regime of Hessian geometry
and many results in that Section can be applied. It is easy to see that
(272) Gij =
∂2ψ
∂yi∂yj
for the function ψ defined by:
ψ =(y − y0)(ln(y − y0)− 1) + (y0 + a)(ln(y0 + a)− 1) +
2∑
i=1
yi(ln yi − 1)
−y(ln y − 1)− (y + a)(ln(y + a)− 1) +
∫
log u(y)dy.
(273)
One can check that for j = 0, 1, 2,
dwj
wj
=
drj
rj
+
√−1dθj = 1
2
2∑
k=0
∂2ψ
∂yj∂yk
dyk +
√−1dθj ,
where w0 = z.
The dual local coordinates y∨i are given by
y∨0 = ln(y0 + a)− ln(y − y0) = 2 ln r0,(274)
y∨i = ln(y − y0) + ln(yi)− ln(y)− ln(y + a) + ln(u(y)) = 2 log ri,(275)
for i = 1, 2, and dual potential function:
(276) ψ∨ = y lnu(y)−
∫
lnu(y)dy − a ln y0 + a
y + a
= φ− a ln r
2
0
1 + r20
.
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And the proof of Theorem 6.2 works in this case too.
9.6. Kepler metric on K3 lifted to OP1(−1)⊕OP1(−1). By (82) and Proposition
3.2, the Kepler metric on K3 is of the type (256) with a = 0 and φ(u) = u
1/2. Since
y = 12u
1/2, we have u = 14y
2. In this case the moment map is given by:
y0 =
r20(r
2
1 + r
2
2)
2
√
(1 + r20)(r
2
1 + r
2
2)
,
yj =
r2j (1 + r
2
0)
2
√
(1 + r20)(r
2
1 + r
2
2)
, j = 1, 2.
It has the following inverse map:
r0 =
√
y0
y1 + y2 − y0 ,
rj = 2
√
yj(y1 + y2 − y0), j = 1, 2.
The image of the moment map is the convex cone generated by (1, 1, 0), (1, 0, 1),
(0, 1, 0), (0, 0, 1). This cone is bounded by four planes:
(277) yj = 0, j = 0, 1, 2, y1 + y2 − y0 = 0.
One can check that
(278) ψ = (y1 + y2 − y0)(ln(y1 + y2 − y0)− 1) + y0(ln y0 − 1) +
2∑
i=1
yi(ln yi − 1).
The dual local coordinates y∨i are given by
y∨0 = ln(y0)− ln(y1 + y2 − y0),(279)
y∨i = ln(y1 + y2 − y0) + ln(yi), i = 1, 2,(280)
and the dual potential function is:
(281) ψ∨ = φ = 2y.
9.7. Ka¨hler Ricci-flat metric on K3. In this case, a = 0, φ(u) =
3
2u
2/3. Since
y = u2/3, we have u = y3/2. In this case the moment map is given by:
y0 =
r20(r
2
1 + r
2
2)
3
√
(1 + r20)(r
2
1 + r
2
2)
,
yj =
r2j (1 + r
2
0)
3
√
(1 + r20)(r
2
1 + r
2
2)
, j = 1, 2.
It has the following inverse map:
r0 =
√
y0
y1 + y2 − y0 ,
rj =
√
yj(y1 + y2 − y0)√
(y1 + y2)
, j = 1, 2.
The image of the moment map is the convex cone generated by (y0, y1, y2) =
(1, 1, 0), (1, 0, 1), (0, 1, 0), (0, 0, 1). This cone is bounded by four planes:
(282) yj ≥ 0, j = 0, 1, 2, y1 + y2 − y0 ≥ 0.
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One can check that
ψ =(y1 + y2 − y0)(ln(y1 + y2 − y0)− 1) + y0(ln(y0)− 1) +
2∑
i=1
yi(ln yi − 1)
−1
2
(y1 + y2)(ln(y1 + y2)− 1).
(283)
The dual local coordinates y∨i are given by
y∨0 = ln(y0)− ln(y1 + y2 − y0),(284)
y∨i = ln(y1 + y2 − y0) + ln(yi)−
1
2
ln(y1 + y2), i = 1, 2,(285)
and dual potential function:
(286) ψ∨ = φ =
3
2
y.
9.8. Ka¨hler Ricci-flat metric on the resolved 3-conifold. Write ωa =
√−1∑2j,k=0 ωjk¯dwj∧
dw¯k, where w0 = z. Let Φ = det(ωjk¯)j,k=0..2. It is easy to find:
Φ =
(a+ uφ′(u))(uφ′(u))′
1 + |z|2 · φ
′(u) · (1 + |z|2)
= (a+ y)y′y(1 + |z|2)−1|w|−2.
It is easy to see that
∂∂¯ logΦ = − dz ∧ dz¯
(1 + |z|2)2 − (n− 1)
(
dwj ∧ dw¯j
|w|2 −
∑
j,k w¯jwkdwj ∧ dw¯k
|w|4
)
+ (log((a+ y)y′yn−1))′ · ∂∂¯u+ (log((a+ y)y′yn−1))′′ · ∂u ∧ ∂¯u.
when ρ = −√−1∂∂¯ logΦ = 0, the coefficients of v all vanish:
−1
(1 + |z|2)2 + (log((a+ y)y
′y))′ · |w|2 + (log((a+ y)y′y))′′ · |w|4|z|2 = 0,
(log((a+ y)y′y))′ + (log((a+ y)y′))′′ · u = 0,
(log((a+ y)y′y))′(1 + |z|2)δjk + (log((a+ y)y′y))′′ · (1 + |z|2)2w¯jwk
=
δjk
|w|2 −
w¯jwk
|w|4 .
In the third equation we take j 6= k, then we get:
(287) (log((a+ y)y′y))′′ = − 1
u2
.
and so from the second equation
(288) (log((a+ y)y′y))′ =
1
u
,
It follows that
(289) (a+ y)yy′ = cu,
After integration:
(290)
a
2
y2 +
y3
3
=
c
2
u2 + c1.
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Take c = 23 and c1 = 0, and one can find by solving a cubic equation:
(291)
3a
2
y2 + y3 = u2.
Since a > 0, by the Inverse Function Theorem, when y > 0, y is a smooth function
in u. Let us now analyse the behavior of y and y′(u) as u→ 0. Clearly from (291),
(292) y(u) ∼
√
2
3a
u− 2u
2
9a2
,
and so from (289),
(293) y′(u) ∼
√
2
3a
− 4u
9a2
.
It follows that
φ′(u) ∼
√
2
3a
− 2u
9a2
, φ′′(u) ∼ − 2
9a2
.(294)
Therefore, as u→ 0,
ωa ∼
√−1
{(
a
(1 + |z|2)2 +
√
2
3a
· |w|2 − 2
9a2
· |w|4|z|2
)
dz ∧ dz¯
+
2∑
j=1
√
2
3a
(
z¯wj · dz ∧ dw¯j + zw¯j · dwj ∧ dz¯
)
+
2∑
j,k=1
(√
2
3a
· (1 + |z|2)δjk − 2
9a2
· (1 + |z|2)2w¯jwk
)
dwj ∧ dw¯k
}
.
(295)
Clearly it can be extended smoothly over the zero section given by w = 0.
It is actually possible in this case to find explicit expression of φ in terms of y.
By (291),
(296) u =
(
3a
2
y2 + y3
)1/2
= y
√
y +
3a
2
,
therefore,
(297) φ = y ln(u(y))−
∫
ln(u(y))dy ==
3y
2
− 3a
4
ln(y +
3a
2
) + C.
This can be also derived as follows. We get from (296) the following two identities:
du
dy
=
√
y +
3a
2
+
y
2
√
y + 3a2
,(298)
dφ
du
= φ′(u) =
y
u
=
1√
y + 3a2
.(299)
It follows that
(300)
dφ
dy
=
dφ
du
du
dy
= 1+
y
2(y + 3a2 )
.
Therefore, (297) can be derived after integration.
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By (259) and (260), the moment map is:
y0 = − a
1 + r20
+
r20
1 + r20
y,
yj =
r2j
r21 + r
2
2
y, j = 1, 2.
We have:
r0 =
√
y0 + a
y1 + y2 − y0 ,
rj =
√√√√yj(y1 + y2 − y0)√y + 3a2
(y1 + y2 + a)
, j = 1, 2.
The image of the moment map is the convex domain bounded by four planes:
(301) yj ≥ 0, j = 1, 2, y0 ≥ −a, y1 + y2 − y0 ≥ 0.
This convex domain has five edges, the four raysR≥0(1, 1, 0), R≥0(1, 0, 1), R≥0(−a, 1, 0),
R≥0(−a, 0, 1), and an interval {(−at, 0, 0) | 1 ≤ t ≤ 1}. By (273),
ψ = (y − y0)(ln(y − y0)− 1) + (y0 + a)(ln(y0 + a)− 1) +
2∑
i=1
yi(ln yi − 1)
− (y + a)(ln(y + a)− 1) + 1
2
(y +
3a
2
)(ln(y +
3a
2
)− 1).
The dual local coordinates y∨i are given by
y∨0 = ln(y0 + a)− ln(y − y0) = 2 ln r0,(302)
y∨i = ln(y − y0) + ln(yi)− ln(y + a)−
1
2
ln(y +
3a
2
) = 2 log ri,(303)
for i = 1, 2, and one can check that:
(304) ψ∨ = φ− a ln r
2
0
1 + r20
.
10. Kepler Metric on 3-Conifold and Resolved 3-Conifold by Calabi
Ansatz on OP1×P1(−1,−1)
In this Section we repeat the steps in last Section for another way to understand
K3. It turns out to give us some natural way to understand the flop transfor-
mation of the resolved conifold, and it also leads to Ka¨hler Ricci-flat metrics on
OP1×P1(−2,−2) = κP1×P1 , the total space of the canonical line bundle of P1 × P1.
10.1. Calabi Ansatz on OP1×P1(−1,−1). We will work with the local coordinates
(z1, z2, w) on OP1×P1(−1,−1). They are related to other local coordinates, denoted
by (z˜1, z˜2, w˜), (zˆ1, zˆ2, wˆ), (ˆ˜z1, ˆ˜z2, ˆ˜w) in the following fashion:
z˜1 =
1
z1
, z˜2 = z2, w˜ = z1w,
zˆ1 = z1, zˆ2 =
1
z2
, wˆ = z2w,
ˆ˜z1 =
1
z1
, ˆ˜z2 =
1
z2
, ˆ˜w = z1z2w.
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Define an Hermitian metric by
(305) u = r2 = |w|2(1 + |z1|2)(1 + |z2|2).
We consider Ka¨hler metrics of the form:
ωa1,a2 =a1π
∗
1ωP1 + a2π
∗
2ωP1 +
√−1∂∂¯φ(u)
=
√−1a1∂∂¯ log(1 + |z1|2) +
√−1a2∂∂¯ log(1 + |z2|2) +
√−1∂∂¯φ(u).
(306)
10.2. Symplectic coordinates. One finds
∂u = |w|2(1 + |z2|2)z¯1dz1 + |w|2(1 + |z1|2)z¯2dz2 + (1 + |z1|2)(1 + |z2|2)w¯dw,
∂¯u = |w|2(1 + |z2|2)z1dz¯1 + |w|2(1 + |z1|2)z2dz¯2 + (1 + |z1|2)(1 + |z2|2)wdw¯,
∂∂¯u = |w|2(1 + |z2|2)dz1 ∧ dz¯1 + |w|2(1 + |z1|2)dz2 ∧ dz¯2 + u|w|2 dw ∧ dw¯
+ |w|2(z¯1z2dz1 ∧ dz¯2 + z¯2z1dz2 ∧ dz¯1)
+ (1 + |z2|2)(w¯z1dw ∧ dz¯1 + wz¯1dz1 ∧ dw¯)
+ (1 + |z1|2)(w¯z2dw ∧ dz¯2 + wz¯2dz2 ∧ dw¯),
∂u ∧ ∂¯u = |w|4(1 + |z2|2)2|z1|2dz1 ∧ dz¯1 + |w|4(1 + |z1|2)2|z2|2dz2 ∧ dz¯2
+ |w|2u(z¯1z2dz1 ∧ dz¯2 + z¯2z1dz2 ∧ dz¯1)
+ u(1 + |z2|2)(z¯1wdz1 ∧ dw¯ + z1w¯dw ∧ dz¯1)
+ u(1 + |z1|2)(z¯2wdz2 ∧ dw¯ + z2w¯dw ∧ dz¯2) + u
2
|w|2 dw ∧ dw¯.
Therefore, since we have
ωa1,a2 =
√−1a1dz1 ∧ dz¯1
(1 + |z1|2)2 +
√−1a2dz2 ∧ dz¯2
(1 + |z2|2)2
+
√−1φ′(u) · ∂∂¯u+√−1φ′′(u) · ∂u ∧ ∂¯u,
ωa1,a2 =
√−1
{ 2∑
j=1
1
(1 + |zj |2)2
(
aj + φ
′(u) · u(1 + |zj|2) + φ′′(u) · u2|zj |2
)
dzj ∧ dz¯j
+ |w|2(φ′(u) + uφ′′(u)) · (z¯1z2dz1 ∧ dz¯2 + z¯2z1dz2 ∧ dz¯1)
+ (1 + |z2|2)(φ′(u) + uφ′′(u))(w¯z1dw ∧ dz¯1 + wz¯1dz1 ∧ dw¯)
+ (1 + |z1|2)(φ′(u) + uφ′′(u))(w¯z2dw ∧ dz¯2 + wz¯2dz2 ∧ dw¯)
+
(
φ′(u) · u|w|2 + φ
′′(u) · u
2
|w|2
)
dw ∧ dw¯
}
.
54 JIAN ZHOU
Write zj = rje
iθj , j = 1, 2, w = r3e
iθ3 .
ωa1,a2 = 2
{(
a1
(1 + r21)
2
+ r23(1 + r
2
2)φ
′(u) + r21(1 + r
2
2)
2r43φ
′′(u)
)
r1dr1 ∧ dθ1
+
(
a2
(1 + r22)
2
+ r23(1 + r
2
1)φ
′(u) + r22(1 + r
2
1)
2r43φ
′′(u)
)
r2dr2 ∧ dθ2
+ r23(φ
′(u) + uφ′′(u)) · r1r2(dr1 ∧ r2dθ2 + dr2 ∧ r1dθ1)
+ (1 + r22)(φ
′(u) + uφ′′(u)) · r1r3(dr1 ∧ r3dθ3 + dr3 ∧ r1dθ1)
+ (1 + r21)(φ
′(u) + uφ′′(u)) · r2r3(dr2 ∧ r3dθ3 + dr3 ∧ r2dθ2)
+ (φ′(u) + uφ′′(u)) · (1 + r21)(1 + r22) · r3dr3 ∧ dθ3
}
.
From this one can easily check that
(307) ω = dy1 ∧ dθ1 + dy2 ∧ dθ2 + dy3 ∧ dθ3,
where y1, y2, y3 are defined by:
y1 = − a1
1 + r21
+ r21r
2
3(1 + r
2
2) · φ′((1 + r21)(1 + r22)r23),(308)
y2 = − a2
1 + r22
+ r22r
2
3(1 + r
2
1) · φ′((1 + r21)(1 + r22)r23),(309)
y3 = (1 + r
2
1)(1 + r
2
2)r
2
3 · φ′((1 + r21)(1 + r22)r23).(310)
These functions generate T 3-action on OP1×P1(−1,−1) defined in local coordinates
(z1, z2, z3) by:
(311) (eiα1 , eiα2 , eiα3) · (z1, z2, w) = (eiα1z1, eiα2z2, eiα3w).
Let y := y3. Then
(312) y = u · φ′(u)
and one can express φ as a function in y.
10.3. Riemannian metric in symplectic coordinates and Hessian geome-
try. The Riemannian metric ga associated with ωa can be explicitly written down
as follows:
ga1,a2 = 2
{(
a1
(1 + r21)
2
+ r23(1 + r
2
2)φ
′(u) + r21(1 + r
2
2)
2r43φ
′′(u)
)
(dr21 + r
2
1dθ
2
1)
+
(
a2
(1 + r22)
2
+ r23(1 + r
2
1)φ
′(u) + r22(1 + r
2
1)
2r43φ
′′(u)
)
(dr22 + r
2
2dθ
2
2)
+ 2r23(φ
′(u) + uφ′′(u)) · r1r2(dr1dr2 ++r1dθ1r2dθ2)
+ 2(1 + r22)(φ
′(u) + uφ′′(u)) · r1r3(dr1dr3 + r1dθ1r3dθ3)
+ 2(1 + r21)(φ
′(u) + uφ′′(u)) · r2r3(dr2dr3 + r2dθ2r3dθ3)
+ (φ′(u) + uφ′′(u)) · (1 + r21)(1 + r22) · (dr23 + r23dθ23)
}
.
Theorem 10.1. In symplectic coordinates the Riemannian metric g takes the fol-
lowing form:
(313) ga1,a2 =
n∑
i,j=1
(
1
2
Gijdyidyj + 2G
ijdθidθj),
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where the coefficients Gij and G
ij will be given in the proof. Furthermore, the
matrices (Gij) and (G
ij) are inverse to each other.
Proof. We separate the terms with dri’s and those with dθj ’s in the above expression
for ga to get:
(314) ga1,a2 = g
r
a1,a2 + g
θ
a1,a2 ,
where gra and g
θ
a are given by:
gra1,a2 = 2
{(
a1
(1 + r21)
2
+ r23(1 + r
2
2)φ
′(u) + r21(1 + r
2
2)
2r43φ
′′(u)
)
dr21
+
(
a2
(1 + r22)
2
+ r23(1 + r
2
1)φ
′(u) + r22(1 + r
2
1)
2r43φ
′′(u)
)
dr22
+ 2r23(φ
′(u) + uφ′′(u)) · r1r2dr1dr2
+ 2(1 + r22)(φ
′(u) + uφ′′(u)) · r1r3dr1dr3
+ 2(1 + r21)(φ
′(u) + uφ′′(u)) · r2r3dr2dr3
+ (φ′(u) + uφ′′(u)) · (1 + r21)(1 + r22) · dr23
}
.
gθa1,a2 = 2
{(
a1
(1 + r21)
2
+ r23(1 + r
2
2)φ
′(u) + r21(1 + r
2
2)
2r43φ
′′(u)
)
r21dθ
2
1
+
(
a2
(1 + r22)
2
+ r23(1 + r
2
1)φ
′(u) + r22(1 + r
2
1)
2r43φ
′′(u)
)
r22dθ
2
2
+ 2r23(φ
′(u) + uφ′′(u)) · r21r22dθ1dθ2
+ 2(1 + r22)(φ
′(u) + uφ′′(u)) · r21r23dθ1dθ3
+ 2(1 + r21)(φ
′(u) + uφ′′(u)) · r22r23dθ2dθ3
+ (φ′(u) + uφ′′(u)) · (1 + r21)(1 + r22)r23dθ23
}
.
From (308) to (310) one can get:
rj =
√
yj + aj
y − yj , j = 1, 2,(315)
r3 =
√
y(y − y1)(y − y2)
φ′(u) · (y + a1)(y + a2) .(316)
With these identities one can compute gra and g
θ
a. For g
θ
a we get:
gθa1,a2 = 2
2∑
j=1
(y − yj)(yj + aj)
y + aj
dθ2j + 2
u
du
dy
( 3∑
j=1
yj + aj
y + aj
dθj
)2
.
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Denote by (Gjk) the inverse matrix of (G
jk). By a computation we have found
the following remarkably simple expressions for Gjk:
G11 =
1
y1 + a1
+
1
y − y1 , G22 =
1
y2 + a2
+
1
y − y2 ,
G12 = G21 = 0,
G13 = G31 = − 1
y − y1 , G23 = G32 = −
1
y − y2 ,
G33 =
du
dy
u
+
1
y − y1 −
1
y + a1
+
1
y − y2 −
1
y + a2
.
It is clear that
gra1,a2 = 2
3∑
i,j=1
Gij
dri
ri
drj
rj
.
So we have:
gra1,a2 = 2
2∑
j=1
(y − yj)(yj + aj)
y + aj
(d log rj)
2 + 2
u
du
dy
( 3∑
j=1
yj + aj
y + aj
d log rj
)2
.
By a straightforward computation we check that:
(317) gra1,a2 =
1
2
2∑
j,k=0
Gjkdyjdyk.
This completes the proof. 
Again as in §6 we are in the regime of Hessian geometry. It is easy to see that
(318) Gij =
∂2ψ
∂yi∂yj
for the function ψ defined by:
ψ =
2∑
j=1
(
(y − yj)(ln(y − yj)− 1) + (yj + aj)(ln(yj + aj)− 1)
−(y + aj)(ln(y + aj)− 1)
)
+
∫
log u(y)dy.
(319)
One can check that for i = 1, 2, 3,
dzi
zi
=
1
2
3∑
j=1
∂2ψ
∂yi∂yj
dyj +
√−1dθi,
where z3 = w.
The dual local coordinates y∨i are given by
y∨j = ln(yj + aj)− ln(y − yj) = 2 ln rj , j = 1, 2,(320)
y∨3 =
2∑
j=1
(
ln(y − yj)− ln(y + aj)
)
+ ln(u(y)) = 2 log r3,(321)
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and dual potential function:
(322) ψ∨ = y lnu(y)−
∫
lnu(y)dy −
2∑
j=1
aj ln
yj + aj
y + aj
= φ−
2∑
j=1
aj ln
r2j
1 + r2j
.
10.4. Riemannian metric in polar coordinates. As in §8.2 we introduce polar
coordinates, one for each of zj as follows. For convenience, we will repeat some of
the computations there. Let
x0j =
1− |zj|2
|zj |2 + 1 , x
1
j +
√−1x2j =
2z
|zj|2 + 1 ,(323)
Then one has
(324) zj =
x1j +
√−1x2j
x0j + 1
.
Let θj and φj be Euler angles such that
x0j = cos θj , x
1
j = sin θj cosφj , x
2
j = sin θj sinφj .(325)
Then one has
(326) zj = e
iφj tan(
θj
2
),
and so we have
(327) 1 + |zj |2 = 1
cos2(
θj
2 )
and
(328) dzj = ie
iφj tan(
θj
2
)dφj +
1
2
eiφj
cos2(
θj
2 )
dθj .
Therefore,
(329)
|dzj |2
(|zj |2 + 1)2 =
1
4
(dθ2j + sin
2 θjdφ
2).
Now let
(330) w = r cos(
θ1
2
) cos(
θ2
2
) · eiβ .
Its differential is given by:
(331) dw = r cos(
θ1
2
) cos(
θ2
2
) · eiβ(dr
r
− 1
2
tan(
θ1
2
)dθ1 − 1
2
tan(
θ2
2
)dθ2 + idβ).
It is easy to see that u = r2.
The Riemannian metric is given by:
ga1,a2 =
2∑
j=1
1
(1 + |zj |2)2
(
aj + y(u) + |zj |2uy′(u)
)
|dzj |2
+ 2|w|2y′(u) · ℜ(z¯1z2dz1dz¯2)
+ 2(1 + |z2|2)y′(u) · ℜ(w¯z1dwdz¯1)
+ 2(1 + |z1|2)y′(u) · ℜ(w¯z2dwdz¯2)
+ y′(u) · u|w|2 · |dw|
2.
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It can be rewritten as:
(332) ga1,a2 =
2∑
j=1
aj + y(u)
(1 + |zj|2)2 |dzj |
2 + uy′(u) · |γ|2,
where
(333) γ =
z¯1
1 + |z1|2 dz1 +
z¯2
1 + |z2|2 dz2 +
w¯
|w|2 dw.
It is easy to find
(334) γ =
dr
r
+ i(dβ + sin2(
θ1
2
)dφ1 + sin
2(
θ2
2
)dφ2),
so we get:
ga1,a2 = y
′(u)dr2 +
2∑
j=1
1
4
(
aj + y(u)
)
(dθ2j + sin
2 θjdφ
2
j )
+ uy′(u) · (dβ + sin2(θ1
2
)dφ1 + sin
2(
θ2
2
)dφ2)
2.
Let ψ = θ1 + θ2 − 2β,
ga1,a2 =y
′(u)dr2 +
2∑
j=1
1
4
(
aj + y(u)
)
(dθ2j + sin
2 θjdφ
2
j )
+
1
4
uy′(u) · (dψ + cos(θ1)dφ1 + cos(θ2)dφ2)2.
(335)
10.5. Kepler metric on K3 lifted to OP1×P1(−1,−1). By (82) and Proposition
3.2, the Kepler metric on K3 when lifted to OP1×P1(−1,−1) is of the type (306)
with a1 = a2 = 0 and φ(u) = u
1/2. Again we have y = 12u
1/2 and u = 14y
2. In this
case the moment map is given by:
y1 =
r21r3
2
√
1 + r22
1 + r21
, y2 =
r22r3
2
√
1 + r21
1 + r22
,
y3 =
r3
2
√
(1 + r21)(1 + r
2
2).
It has the following inverse map:
rj =
√
yj
y − yj , j = 1, 2,
r3 = 2
√
(y − y1)(y − y2).
The image of the moment map is the convex cone bounded by four planes:
(336) yj ≥ 0, y ≥ yj , j = 1, 2,
generated by (1, 1, 0), (1, 0, 1), (1, 1, 1), (0, 0, 1).
One can check that
ψ =
2∑
j=1
(
(y − yj)(ln(y − yj)− 1) + yj(ln(yj)− 1)
)
.
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The dual local coordinates y∨i are given by
y∨j = ln(yj + aj)− ln(y − yj), j = 1, 2,
y∨3 =
2∑
j=1
ln(y − yj),
and dual potential function:
ψ∨ = 2y = φ.
10.6. Ka¨hler Ricci-flat metrics. Rewrite ω in the following form:
ωa1,a2 =
√−1
{ 2∑
j=1
1
(1 + |zj |2)2
(
aj + y(u) + |zj |2uy′(u)
)
dzj ∧ dz¯j
+ |w|2y′(u) · (z¯1z2dz1 ∧ dz¯2 + z¯2z1dz2 ∧ dz¯1)
+ (1 + |z2|2)y′(u) · (w¯z1dw ∧ dz¯1 + wz¯1dz1 ∧ dw¯)
+ (1 + |z1|2)y′(u) · (w¯z2dw ∧ dz¯2 + wz¯2dz2 ∧ dw¯)
+ y′(u) · u|w|2 · dw ∧ dw¯
}
.
Write ω =
√−1hab¯dzadz¯b, where z3 = w, and let Φ = det(hab¯). It is straightforward
to find:
Φ =
(a1 + y)(a2 + y)y
′
(1 + |z1|2)(1 + |z2|2) .
The Ricci form is ρ = −√−1∂∂¯Φ, and since
∂∂¯ logΦ = − dz1 ∧ dz¯1
(1 + |z1|2)2 −
dz2 ∧ dz¯2
(1 + |z2|2)2
+ (log((a1 + y)(a2 + y)y
′))′ · ∂∂¯u+ (log((a1 + y)(a2 + y)y′))′′ · ∂u ∧ ∂¯u,
for all the coefficients to vanish we need:
−1 + α′(u) · u(1 + |zj|2) + α′′(u) · u2|zj |2 = 0, j = 1, 2,
α′(u) + uα′′(u) = 0,
where α(u) = log((a1 + y)(a2 + y)y
′). One easily finds that
(337) uα′(u) = 1,
It follows that
(338) (a1 + y)(a2 + y)y
′ = cu.
After integration:
(339)
y3
3
+
a1 + a2
2
y2 + a1a2y − c
2
u2 − c1 = 0.
Take c = 23 and c1 = 0, one gets a cubic equation
(340)
y3
3
+
a1 + a2
2
y2 + a1a2y − 1
3
u2 = 0.
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10.6.1. The case of a1 = a2 = 0. In this case y
3 = u2, y = u2/3, φ′(u) = u−1/3 =
y−1/2. The moment map is given by:
y1 = r
2
1r
2
3(1 + r
2
2) · ((1 + r21)(1 + r22)r23)−1/3,
y2 = r
2
2r
2
3(1 + r
2
1) · ((1 + r21)(1 + r22)r23)−1/3,
y3 = ((1 + r
2
1)(1 + r
2
2)r
2
3)
2/3.
We have
rj =
√
yj
y − yj , j = 1, 2,
r3 =
√
(y − y1)(y − y2)
y1/2
.
The image of the moment map is the same as in the case of Kepler metric on K3.
The complex potential function ψ is defined by:
ψ =
2∑
j=1
(
(y − yj)(ln(y − yj)− 1) + yj(ln(yj)− 1)
)
− 1
2
y(ln(y)− 1).
The dual local coordinates y∨i are given by
y∨j = ln(yj)− ln(y − yj) = 2 ln rj , j = 1, 2,
y∨3 =
2∑
j=1
ln(y − yj)− 1
2
ln(y) = 2 log r3,
and dual potential function:
ψ∨ =
3
2
y = φ.
10.6.2. The case of one of a1, a2 is nonzero. Suppose that a1 = a, a2 = 0. We
blow down OP1×P1(−1,−1) along the copy of P1 parameterized by z1. In local
coordinates (z1, z2, w), we make the following change of variables:
z = z1, w1 = w, w2 = wz.(341)
Since
(|z|2 + 1)(|w1|2 + |w2|2) = (|z1|2 + 1)(|z2|2 + 1)|w|2,
after blowing down we are in the situation of §9.8.
10.6.3. The case of a1 > 0 and a2 > 0. By (340),
(342) u =
(
y3 +
3(a1 + a2)
2
y2 + 3a1a2y
)1/2
.
We will rewrite as
(343) u = (y(y − β+)(y − β−))1/2,
where β± are given by the root formula:
(344) β± = −3(a1 + a2)
4
+
1
2
√
(3a1 − a2)(a1 − 3a2).
Hence one finds the potential functions φ and ψ explicitly as functions in y:
(345) φ =
3y
2
+
1
2
β+ ln(y − β+) + 1
2
β− ln(y − β−),
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ψ =
2∑
j=1
(
(y − yj)(ln(y − yj)− 1) + (yj + aj)(ln(yj + aj)− 1)
−(y + aj)(ln(y + aj)− 1)
)
+
1
2
y(ln(y)− 1)
+
1
2
(y − β+)(ln(y − β+)− 1) + 1
2
(y − β−)(ln(y − β−)− 1).
(346)
By (308)-(310), the moment map is given by:
y1 = − a1
1 + r21
+
r21
1 + r21
y,
y2 = − a2
1 + r22
+
r22
1 + r22
y,
y3 = y,
and we have
rj =
√
yj + aj
y − yj , j = 1, 2,
r3 =
√√√√√
(
y3 + 3(a1+a2)2 y
2 + 3a1a2y
)1/2
(y − y1)(y − y2)
(y + a1)(y + a2)
.
The image of the moment map is the convex domain in R3 bounded by:
yj ≥ −aj, y ≥ yj , j = 1, 2, y ≥ 0.(347)
Examining the above formula for φ and ψ, we see that they are not directly given
by the boundary of the convex domain.
By the Inverse Function Theorem, when y > 0, y is a smooth function in u.
So far we have obtained smooth Ka¨hler Ricci-flat metrics on OP1×P1(−1,−1) away
from the zero section. To examine the behavior of the metric along the zero section,
as in §9.8, we analyse the behavior of y and y′(u) as u→ 0. From (340),
(348) y(u) ∼ u
2
3a1a2
− 1
18
a1 + a2
a31a
3
2
u4,
and so from (289),
(349) y′(u) ∼ 2u
3a1a2
− 2
9
a1 + a2
a31a
3
2
u3.
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Therefore, as u→ 0,
ωa1,a2 ∼
√−1
{ 2∑
j=1
1
(1 + |zj|2)2
(
aj +
u2
3a1a2
+ |zj|2u · 2u
3a1a2
)
dzj ∧ dz¯j
+ |w|2 2u
3a1a2
· (z¯1z2dz1 ∧ dz¯2 + z¯2z1dz2 ∧ dz¯1)
+ (1 + |z2|2) 2u
3a1a2
· (w¯z1dw ∧ dz¯1 + wz¯1dz1 ∧ dw¯)
+ (1 + |z1|2) 2u
3a1a2
· (w¯z2dw ∧ dz¯2 + wz¯2dz2 ∧ dw¯)
+
2u
3a1a2
· u|w|2 · dw ∧ dw¯
}
.
Along the zero section of OP1×P1(−1,−1) given in local coordinates by w = 0,
ωa1,a2 ∼
√−1
{ 2∑
j=1
1
(1 + |zj|2)2
(
aj +
u2
3a1a2
+ |zj|2u · 2u
3a1a2
)
dzj ∧ dz¯j
}
is degenerate. To fix this problem, recall there is a 2 : 1 map from OP1×P1(−1,−1)
to OP1×P1(−2,−2). We will work with local coordinates (z1, z2, v), (z˜1, z˜2, v˜),
(zˆ1, zˆ2, vˆ), (ˆ˜z1, ˆ˜z2, ˆ˜v) on OP1×P1(−2,−2). They are related in the following way:
z˜1 =
1
z1
, z˜2 = z2, v˜ = z
2
1v,
zˆ1 = z1, zˆ2 =
1
z2
, vˆ = z22v,
ˆ˜z1 =
1
z1
, ˆ˜z2 =
1
z2
, ˆ˜v = z21z
2
2v.
The 2 : 1 map is given locally by:
(350) (z1, z2, w) 7→ (z1, z2, v = w2).
Since w = ±v1/2, ωa1,a2 is the pullback of a Ka¨hler form ωˆa1,a2 on OP1×P1(−2,−2)−
P1 × P1, and as v → 0, we have
ωˆa1,a2 ∼
√−1
{ 2∑
j=1
1
(1 + |zj |2)2
(
aj +
|v|2∏2k=1(1 + |zk|2)2
3a1a2
+ |zj |2 · 2|v|
2
∏2
k=1(1 + |zk|2)2
3a1a2
)
dzj ∧ dz¯j
+
2|v|2∏2k=1(1 + |zk|2)
3a1a2
· (z¯1z2dz1 ∧ dz¯2 + z¯2z1dz2 ∧ dz¯1)
+ (1 + |z2|2)
∏2
k=1(1 + |zk|2)
3a1a2
· (v¯z1dv ∧ dz¯1 + vz¯1dz1 ∧ dv¯)
+ (1 + |z1|2)
∏2
k=1(1 + |zk|2)
3a1a2
· (v¯z2dv ∧ dz¯2 + vz¯2dz2 ∧ dv¯)
+
∏2
k=1(1 + |zk|2)
6a1a2
· dv ∧ dv¯
}
.
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Clearly it can be extended smoothly over the zero section given by v = 0. Therefore,
ωˆa1,a2 gives a family of Ka¨hler Ricci-flat metric on the total space ofOP1×P1(−2,−2).
Now that we are working on OP1×P1(−2,−2), we need to modify the symplectic
coordinates. Write zj = rˆje
iθˆj , j = 1, 2, v = rˆ3e
iθˆ3 . Obviously, θˆ1 = θ1, θˆ− 2 = θ2,
θˆ3 = 2θ3, Then
(351) ωˆa1,a2 = dyˆ1 ∧ dθˆ1 + dyˆ2 ∧ dθˆ2 + dyˆ3 ∧ dθˆ3,
where yˆ1, yˆ2, yˆ3 are defined by:
yˆ1 = y1, yˆ2 = y2, yˆ3 =
1
2
y3.(352)
Therefore, the image of the moment map on OP1×P1(−2,−2) is the convex domain
in R3 bounded by:
yˆj ≥ −aj , yˆ3 ≥ 1
2
yˆj , j = 1, 2, yˆ3 ≥ 0.(353)
11. Summary
In this paper we have considered the Kepler manifolds Kn. The following facts
are well-known in the lieterature. As symplectic manifolds, Kn ∼= T ∗Sn−Sn, with
their natural symplectic structures; as complex manifolds, Kn ∼= {z21 + · · · + z2n =
0}− {0}, and when n = 2, K2 ∼= (C2−{0})/Z2 ∼= OP1(−2)− P1 is a hypercomplex
manifold, and when n = 3, K3 ∼= (OP1⊕OP1(−1))−P1 ∼= OP1×P1(−1,−1)−P1×P1;
the complex structures and the symplectic structures on Kn are compatible, giving
rise to Ka¨hler structures called Kepler metrics on Kn. The Kepler metric has
Ka¨hler potential 12 (|z1|2+ · · ·+ |zn|2)1/2, and this can be also used to define Ka¨hler
metrics on deformed conifolds.
Based on these facts, in this paper we have presented the following results.
Kepler metrics are Sasaki metrics on the conormal bundles of the round spheres.
The Kepler metrics are related to Sasaki metrics on the unit conormal bundles of
the round spheres, which are Sasakian. When n = 2 and 3, the Kepler metrics can
be studied using the Hessian geometry, arising in the setting of Ka¨hler metrics with
toric symmetries. When n = 3 we have the following diagram of related spaces:
OP1×P1(−2,−2)

OP1×P1(−1,−1)
pi1
uu❥❥❥
❥❥
❥❥
❥❥
❥❥
❥❥
❥❥
pi2
))❚❚
❚❚
❚❚
❚❚
❚❚
❚❚
❚❚
❚
OP1(−1)⊕OP1(−1)
))❚❚
❚❚
❚❚
❚❚
❚❚
❚❚
❚❚
❚
OP1(−1)⊕OP1(−1)
uu❥❥❥
❥❥
❥❥
❥❥
❥❥
❥❥
❥❥
{z21 + · · ·+ z24 = 0}

{z21 + · · ·+ z24 = a}
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and for n = 2 we have a similar diagram. We have explicit constructions of the
pullback of Kepler metrics or some Ka¨hler Ricci-flat metrics. We conjecture that
these metrics are related to each other by special Ka¨hler Ricci flow in a fashion
similar to the one described in §6.12. Surprisingly, in all of our examples, the
complex potential functions take the following form:
(354) ψ =
k∑
i=1
li ln(li),
where li are some linear functions, some of which are defining functions of the
boundary hyperplanes of the convex bodies arising as the image of the moment
maps. This generalizes the formula in Guillemin [18], Abreu [1] and Donaldson
[12]. We will verify this formula for more examples in subsequent work.
The motivation for our investigations is to establish a link between the Kepler
problem in classical gravity and the modern geometric studies of string theory.
The basic principle is to apply the intrinsic symmetry of the problem. In this paper
we have related the geometry of Kepler problem to Sasakian geometry and Hessian
geometry which have play important roles in the study of ADS/CFT correspondence
(see e.g. Martelli-Sparks-Yau [31]). A big difference from string theory is that we
are using Hessian geometry to directly produce the phase space of the dynamical
system of the Kepler problem, while in string theory one first obtains some spaces
in extra dimensions for compactifications. We will continue this line of research in
later parts of this series of papers.
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